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Abstract
Background: Additive manufacturing (AM) oriented topology optimisa-
tion has become one of the most important branches in Design for Additive
Manufacturing (DfAM). Traditional topology optimisation algorithms are fi-
nite element (FE) based which result in mesh-dependent zigzag or blurry
boundaries, requiring extra effort to obtain accurate boundary information
for manufacturing. Currently, introducing additional support structures and
designing self-supporting structures are two effective ways to avoid collapse
during fabrication. Self-supporting design is becoming preferable as it can
reduce the use of materials and avoid the extra efforts of removing sup-
port structures after fabrication. Therefore, smooth design of self-supporting
topologies is a promising research field in terms of generating print-ready ge-
ometries for 3D printing machines.
Purpose: The objective of this thesis is to explore smooth self-supporting
topologies to obtain print-ready designs without needing post-processing
methods for smoothing boundaries before fabrication and adding extra sup-
port structures during fabrication.
Approach: An element-based topology optimisation algorithm named Smooth-
Edged Material Distribution for Optimising Topology (SEMDOT) is devel-
oped through introducing extra grid points to each element and using ele-
i
mental volume fractions in Finite Element Analysis (FEA). In SEMDOT,
multiple (dual) filtering steps are used instead of the single filtering step
used in general element-based algorithms. The combination of SEMDOT
and Langelaar’s AM filter (Langelaar 2016, 2017) is used. Manufacturability
experiments are set up in two typical AM technologies: Fused Deposition
modelling (FDM) and Selective Laser Melting (SLM).
Findings: The proposed SEMDOT algorithm is capable of forming smooth
topologies. A lower penalty coefficient can be used in SEMDOT, meaning
that the optimisation problem is much closer to a convex problem. SEMDOT
is capable of obtaining topological designs comparable or better than stan-
dard element-based algorithms. The use of multiple filtering steps enhances
the flexibility of SEMDOT in exploring better performance and different
topological designs. Incorporating Langelaar’s AM filter enables SEMDOT
to generate convergent self-supporting topologies which have been demon-
strated to be printable using both FDM and SLM. Experimental results show
that the conservative overhang angle criterion of 45◦ would sacrifice more per-
formance than is necessary to achieve the self-supporting goal. Topological
designs obtained by SEMDOT can be directly manufactured by 3D printing
machines without requiring redesign and post-processing.
Novelty: Accurate boundary information can be obtained using SEMDOT.
Multiple filtering steps are used to obtain better performance. The Heaviside
smooth function is used to implement the solid/void design of grid points and
simultaneously mitigate numerical instabilities. The mathematical model of
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BESO Bidirectional Evolutionary Structural Optimisation
CAD Computer-Aided Design
DfAM Design for Additive Manufacturing
DMD Direct Metal Deposition
ESO Evolutionary Structural Optimization
ETO Evolutionary Topology Optimization
FDM Fused Deposition Modeling
FEA Finite Element Analysis
FPTO Floating Projection Topology Optimization
GCMMA Globally Convergent Method of Moving Asymptotes
HPI Heaviside Projection-based Integral
IGA Isogeometric Analysis
ITD Isolines Topology Design
ITO Isolines Topology Optimisation




MMA Method of of Moving Asymptotes
MMC Moving Morphable Component
MMV Moving Morphable Void
MTOP Multiresolution Topology OPtimization
NURBS Non-Uniform Rational B-Splines
OC Optimality Criterion
RAMP RAtional Material with Penalization
RTO Robust Topology Optimization
SED Strain Energy Density
SEMDOT Smooth-Edged Material Distribution for Optimizing Topology
SIMP Solid Isotropic Microstructures (Material) with Penalisation
SLA StereoLithogrAphy
SLM Selective Laser Melting
SLS Selective Laser Sintering
STL Stereolithography Tessellation Language
SQP Sequential Quadratic Programming
SUSAN Smallest Univalue Segment Assimilating Nucleus
SVM Support Vector Machine
XESO Extended ESO






α0 Minimum allowable overhang angle
β A scaling parameter that controls the steepness
Λ Evolution rate for β
e Element number
g Grid point number
ρe,g Density of the gth grid point in the eth element
ρmin A small artificial parameter
ρn Density of the nth node
‖∇ρ̃‖ Density gradient norm
ε Parameter that controls the accuracy of the approximation
δe Deviation of the eth element before and after the update
∆(e, l) Centre-to-centre distance of the lth element within the filter domain
to the eth element
Ψ A threshold value of the level-set function
ωel A linear weight factor
ωne Weight factor
ωs Weighting factor used in the supporting region to explore different
critical overhang angles
ω∗ Weighting factor used in the supporting region to avoid the formation
of thin features
Υmin Heuristic filter radius
ξk Printed elemental volume fraction in the supporting region relevant to
vii
the considered element
τ Tolerance value for the overall topological alteration
E1 Young’s modulus of the solid material
h Overhang length
ns Number of elements in the supporting region
N Total number of grid points in each element
Ne Neighborhood set of elements within the filter domain
rmin A predefined filter radius
S Supporting region in Langelaar’s AM filter
uout Output port displacement
Ve Volume of the eth element
V ∗ Prescribed value of the allowable volume
Xe Volume fraction of the eth element









Ke(Xe) Function of the stiffness matrix with respect to the elemental
volume fraction Xe
Nγ(ζ, η) An appropriate shape function
Vectors and Matrices
f Global force vector
fin Input force vector
K Global stiffness matrix
K0e Stiffness matrix of the void element
K1e Stiffness matrix of the solid element
L A unit length vector with zeros at all degrees of freedom except at the
output point where it is one
u Global displacement vector
ue Displacement vector of the eth element
ũ Dummy load displacement vector
ũe Dummy load displacement vector of the eth element
ξ Vector of printed elemental volume fractions
X̃ Vector of filtered elemental volume fractions
Ξ Vector of the maximum printed elemental volume fractions
C H A P T E R 1
Introduction
1.1 Background
Topology optimisation of continuum structures aims to obtain the optimal
material layout within a design domain for a given set of loads and bound-
ary conditions and performance requirements (Sigmund and Maute 2013;
Ghabraie 2015a,b; Chiu et al. 2018), as demonstrated in Figure 1.1. Topol-
ogy optimisation algorithms for continuum structures have been extensively
investigated since the pioneering paper by Bendsøe and Kikuchi (1988). Sev-
eral topology optimisation methods, for example, the solid isotropic mate-
rial with penalization (SIMP) (Bendsøe 1989; Sigmund and Petersson 1998;
Rozvany et al. 1992), rational material with penalization (RAMP) (Stolpe
and Svanberg 2001), evolutionary structural optimisation (ESO) (Xie and
Steven 1993), bi-directional evolutionary structural optimisation (BESO)
(Yang et al. 1999; Querin et al. 2000; Huang and Xie 2007, 2009), level-set
method (Wang et al. 2003; Allaire et al. 2004; Xia et al. 2014), isogeometric
topology optimisation (ITO) (Seo et al. 2010b,a; Gao et al. 2019), moving
morphable component (MMC)-based method (Guo et al. 2014; Zhang et al.
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2016; Guo et al. 2016; Zhang et al. 2017; Zhang and Zhou 2018), and mov-
ing morphable void (MMV)-based method (Zhang et al. 2018a,b, 2020) have
been developed during the past few decades. In recent years, these topol-
ogy optimisation approaches have been applied in a wide range of distinct
engineering problems, including frequency responses (Ma et al. 1993; Zuo
et al. 2012), stress problems (Le et al. 2010; De Leon et al. 2015), convection
problems (Alexandersen et al. 2014, 2016; Asmussen et al. 2019), structural
failure problems (Nabaki et al. 2019; Wang et al. 2020d), large-scale problems
(Pollini et al. 2020; Aage and Lazarov 2013; Wang et al. 2020b,c), nanopho-
tonics design (Jensen and Sigmund 2011), metamaterial design (Chen and
Huang 2019), and structural design for aircraft and aerospace (Aage et al.
2017; Orme et al. 2017, 2018). Some well-established optimisation algo-
rithms that are used to update design variables for topology optimisation
are the optimality criteria (OC) method (Kohn and Strang 1986), sequential
quadratic programming (SQP) (Wilson 1963), method of moving asymptotes
(MMA) (Svanberg 1987), and globally convergent method of moving asymp-
totes (GCMMA) (Svanberg 2002). Open source codes of different topology
optimisation algorithms can be found in the works presented by Sigmund
(2001), Challis (2010), Huang and Xie (2010a), Andreassen et al. (2011), Liu
and Tovar (2014), Zuo and Xie (2015), Otomori et al. (2015), Zhang et al.
(2016), Wei et al. (2018), Smith and Norato (2020), Ferrari and Sigmund
(2020), Zhu et al. (2020a), and Huang (2021).
Additive manufacturing (AM, also known as 3D printing) is a free-form
manufacturing technique that is capable of fabricating components in an ad-
ditive way (Bikas et al. 2016; Lee et al. 2017; Jiang et al. 2019; Asfia et al.
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Figure 1.1 Topology optimisation of continuum structures
2020; Jiang and Ma 2020). AM technologies have been gradually becoming
more widely available in the market especially in the last few years. The
better-known AM technologies include Fused Deposition modelling (FDM),
Laser Engineered Net Shaping (LENS), PolyJet, Stereolithography (SLA),
Selective Laser Sintering (SLS), Selective Laser Melting (SLM), and Direct
Metal Deposition (DMD). Some representative AM technologies are schemat-
ically illustrated in Figure 1.2. As distinct from conventional subtractive
manufacturing techniques, AM has the ability to fabricate highly compli-
cated components due to its additive nature (Jiang 2020). As a result of
adopting AM, the manufacturing cost may be reduced in some cases (Liu
and Ma 2016). Additionally, various categories of materials such as plas-
tic, resin, metal, and concrete can be utilized as the base material in AM
technologies (Gu et al. 2012; Le et al. 2012; Frazier 2014). Hence, AM is
extensively employed in numerous manufacturing disciplines, including au-
tomotive, medical, and aerospace sectors. Although there are a range of AM
technologies available, the high machine cost and the size limit of existing
AM machines restrain the application of AM technologies to large compo-
nents (Zegard and Paulino 2016). In addition, products manufactured by
AM technologies do not always satisfy all performance requirements, includ-
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ing fatigue resistance, porosity, and surface roughness (Saadlaoui et al. 2017).
Therefore, substantial work is being done to make AM technologies more ef-
ficient, precise, reliable, and powerful (Asfia et al. 2020; Izadi et al. 2020).
Stereolithography Tessellation Language (STL) files that are generated from
computer-aided design (CAD) systems are one of standard input formats
for different 3D printing machines (Zegard and Paulino 2016). STL has a
boundary representation approximated by a mesh of triangles, and STL is
the input format chosen in this research for implementing manufacturability
experiments.
Although topology optimisation and AM have developed rapidly inde-
pendent of each other, the integration of these two techniques is attracting
scholars’ attention for the following reasons (Liu and Ma 2016; Mirzendehdel
and Suresh 2016; Yu et al. 2020; Zolfagharian et al. 2020; Ranjan et al. 2020;
Liu et al. 2020a):
B In most cases, designs obtained by topology optimisation are geometri-
cally complex. Therefore, machining, injection modelling, and casting
oriented topology optimisation methods had been developed. By con-
trast, AM has a much more design freedom, meaning that the full
potential of topology optimisation can be realised, and the geometrical
complexity is no longer the main factor affecting the fabrication cost.
B As the manufacturing cost of AM technologies is directly proportional
to the usage of materials, innovative and light-weight designs achieved
by topology optimisation could be employed to achieve cost reduction.
Topology optimisation has great potential to fully exploit the significant
Chapter 1 Introduction 5
Figure 1.2 Typical 3D printing technologies: (a) FDM (b) SLA (c) 3DP (d)
SLS (e) 3D plotting (Wang et al. 2017)
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benefits provided by the increased design freedom offered by AM. The combi-
nation of topology optimisation and AM has been extensively used in the field
of designing and fabricating biocompatible orthopaedic implants (Wang et al.
2016). In addition, AM has been extensively used to fabricate topologically
optimised components for automotive and aerospace industries (Jankovics
and Barari 2019; Merulla et al. 2019; Kim et al. 2020; Aslan and Yildiz 2020;
Shi et al. 2020; Wang et al. 2020e; Stolt and Elgh 2020). However, topo-
logical designs obtained in topology optimisation are not always suitable
for AM, because AM still suffers from a range of design limitations despite
offering more freedom than traditional manufacturing techniques. Firstly,
the minimum manufacturable component size is inevitably controlled by the
characteristics of corresponding AM technologies, like the nozzle diameter in
FDM and the beam width in laser sintering (Nelaturi et al. 2015). As a result,
optimised designs with tiny features (Figure 1.3a) are not manufacturable in
AM. Secondly, as the structures in AM are fabricated layer-by-layer, each
part of components to be fabricated has to be sufficiently supported to pre-
vent component distortion. High bending stresses are generally one of the
main reasons causing the above issue (see Figure 1.3b). Thirdly, the incli-
nation angle of the downward facing (overhang) surface of the components
obtained in topology optimisation should not be more than a threshold value
relative to the build direction. Otherwise, components would deform or warp,
resulting in failure of the fabrication (see Figure 1.3c).
Finally, enclosed voids are not allowed in powder-based AM technologies
due to the inability to remove unmelted powder and support structures from
these voids. Typically, the well-accepted value of the minimum overhang
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angle is approximately 45◦ with respect to the horizontal axis (Wang et al.
2013). Support structures* and self-supporting (support-free structures) are
two effective ways to overcome overhang angle limitations (Jiang et al. 2018;
Leary et al. 2014; Guo et al. 2017).
Figure 1.3 Design limitations in AM (Guo et al. 2017)
Current topology optimisation algorithms towards AM mainly focus on
minimising support structures (Cheng and To 2019; Cheng et al. 2019; Liu
et al. 2019c), self-supporting structure design (Langelaar 2017, 2016), deter-
mination of the optimal build orientation (Langelaar 2018; Wang and Qian
2020; Fritz and Kim 2020; Li et al. 2020), feature size control (Liu and Ma
2018; Mohan and Simhambhatla 2019; Liu 2019; Liu et al. 2019b; Wang et al.
*Extra structures added during fabrication to provide sufficient support for the purpose
of avoiding component distortion
Designed geometries without requiring support structures during fabrication
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2019d; Weiss et al. 2021), and unsupported or self-supporting enclosed void
design (Zhou et al. 2019; Zhou and Zhang 2019; Xiong et al. 2020; Wang
et al. 2020a; Luo et al. 2020). In addition, some post-processing methods,
for example, geometry clean-up methods (Subedi et al. 2020) and shape op-
timisation (Liu et al. 2020b; Swierstra et al. 2020) with the aim of forming
smooth boundaries, are used to enhance the manufacturability of optimised
topologies in AM. An example of using shape optimisation to form smooth
boundaries is shown in Figure 1.4. Topology optimisation for AM has become
one of the most important branches in Design for Additive Manufacturing
(DfAM) in recent years (Gibson et al. 2015; Thompson et al. 2016; Oh et al.
2018; Izadi et al. 2020).
Figure 1.4 Three stage structural design optimisation process: topology opti-
misation, geometry extraction and shape optimisation (Swierstra et al. 2020)
1.2 Research objectives
As previously mentioned in Chapter 1.1, designing self-supporting topolo-
gies and developing the methods of generating smooth topological boundaries
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are two main research directions in the AM oriented topology optimisation
community. The main aim of this thesis is therefore set to explore smooth
self-supporting topologies to obtain print-ready designs without introduc-
ing post-processing methods of smoothing boundaries before fabrication and
adding extra support structures during fabrication. The detailed objectives
are summarised as below:
B Develop a new element-based topology optimisation algorithm capable
of forming smooth boundaries as element-based methods can be easily
implemented and create holes freely across the design domain compared
to level-set methods that can give smooth design.
B Explore smooth self-supporting topologies based on the newly devel-
oped algorithm.
1.3 Layout of thesis
This thesis will be presented based on a series of published works (journal
papers [P1-P6]) during my candidature (i.e., thesis by publications). Based
on the research goals in this thesis (refer to Chapter 1.2), the remainder of
this thesis is therefore structured as follows:
Chapter 2 provides a comprehensive review on element-based topol-
ogy optimisation algorithms capable of forming smooth boundaries and con-
Part of the content published in Publication [P6] (Fu 2020) is presented in Chapter
2.
Yun-Fei Fu (2020). Recent advances and future trends in exploring Pareto-optimal
topologies and additive manufacturing oriented topology optimization. Mathematical
Biosciences and Engineering, 17(5): 4631-4656.
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straint methods of forming self-supporting topologies, and discusses the im-
portance on smooth design of self-supporting topologies and its print-readiness.
Chapter 3 (Publication [P1]) explains the optimisation mechanism of
Smooth-Edged Material Distribution for Optimising Topology (SEMDOT)
algorithm that is developed as part of this research to provide accurate
boundary information through several 2D benchmark problems.
Chapter 4 (Publication [P2]) extends the previous 2D algorithm to
3D to provide a real potential for future engineering applications, and para-
metric studies are thoroughly conducted to determine the proper ranges of
the parameters in SEMDOT.
Chapter 5§ (mainly Publications [P3] and [P4]) integrates an ex-
isting AM filter into SEMDOT to implement the smooth design of 2D self-
supporting topologies; thorough parametric studies are conducted; and man-
ufacturability of selected 2D simulation results is verified with FDM and
SLM technologies.
Chapter 6 (Publication [P5]) integrates the previous AM filter into
SEMDOT to implement the smooth design of 3D self-supporting topologies,
and effects of different build orientations and critical overhang angles on
self-supporting topologies are investigated.
Chapter 7 presents the concluding remarks, limitations, and the works
that are required to complement this research in the future.
§Other than Publications [P3] and [P4], there are some additional experimental
results presented in this chapter
C H A P T E R 2
Literature Review
In the last decade, review papers on topology optimisation summarised the
up-to-date achievements in this field and to provide valuable tutorials. van
Dijk et al. (2013) systematically discussed and compared the distinct level-
set methods utilized in topology optimisation. Sigmund and Maute (2013)
provided an overview of different topology optimisation methods through
showing their merits, disadvantages, similarities, and differences. Deaton
and Grandhi (2014) focused on the latest developments, improvements, and
applications of topology optimisation for continuum structures from 2000
to 2012. Munk et al. (2015) presented an overview of the latest progresses
of structural topology and shape optimisation on the basis of non-gradient-
based algorithms. Xia et al. (2018) surveyed the latest developments of
ESO-type algorithms and summarised the current applications of the BESO
method to structural design. Gao et al. (2020a) comprehensively reviewed
current ITO methods and their applications. Zhu et al. (2020b) presented a
comprehensive survey of the state-of-the-art design of compliant mechanisms
using continuum topology optimisation over the past 20 years. Recently,
Alexandersen and Andreasen (2020) comprehensively summarised the recent
studies on topology optimisation for fluid-based problems. Most recently,
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Lógó and Ismail (2020) provided an overview of milestones in a 150-year
history of topology optimisation.
Current AM oriented topology optimisation methods have been compre-
hensively summarised by scholars as well. Liu and Ma (2016) reviewed not
only conventional manufacturing oriented topology optimisation methods but
AM oriented topology optimisation methods. Liu et al. (2018) summarised
the topology optimisation methods for six AM topics: support structure
design, porous infill design, material feature in AM, multi-material and non-
linear topology optimisation, robust design incorporating material and manu-
facturing uncertainties, and post-treatment. Plocher and Panesar (2019) pre-
sented a comprehensive review on SIMP-based designs for AM, AM-designs
derived from evolutionary topology optimisation, level-set topology optimi-
sation for AM, and software for topology optimisation and cellular struc-
tures. Meng et al. (2020) reviewed current topology optimisation methods,
the cutting-edge AM techniques, and successful applications of the combi-
nation of these two techniques. Very recently, Zhu et al. (2021) reviewed
multi-scale or hierarchical structural optimisation design and topology opti-
misation considering AM constraints, and discussed some challenges.
Based on the research objectives presented in Chapter 1.2, this chapter
focuses on state-of-the-art investigations concerning three relevant topics:
element-based topology optimisation algorithms capable of forming smooth
boundaries, constraints of forming self-supporting topologies, and smooth
design of self-supporting topologies to provide a specific literature review
and avoid repeating the review works already been done.
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2.1 Element-based algorithms forming smooth
boundaries
In density-based topology optimisation algorithms such as SIMP, ESO, and
BESO, the design domain is discretised into a range of elements, and then
material densities inside these elements are defined as design variables (Huang
and Xie 2010b; Hassani and Hinton 2012; Rozvany and Lewiński 2014; Bendsøe
and Sigmund 2013). The value of one for density indicates the presence of
material, while zero indicates an absence of material. Hence, density-based
algorithms will inevitably generate zigzag (discrete methods such as ESO and
BESO) or both zigzag and blurry boundaries (continuum methods such as
SIMP and RAMP) because of their element-based nature. Therefore, shape
optimisation or post-processing methods need to be employed to smooth
boundaries after topology optimisation (Ghabraie et al. 2010a,b; Wong et al.
2018; Liu et al. 2020b; Barroqueiro et al. 2021), which means extra compu-
tational efforts have to be made and also potentially the optimality of the
design might be sacrificed. Although increasing the number of elements is
a straightforward way to smooth topological boundaries, this will naturally
make the problem computationally expensive. By contrast, original level-
set (refer to Figure 2.1) and MMC and MMV-based (refer to Figure 2.2)
methods have the innate ability to form distinct boundaries, which is their
distinct advantage. However, solutions obtained by level-set methods are
highly dependent on the initial guess design and regularisation technique,
and their convergence highly relies on mesh discretisation and regularisation
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(van Dijk et al. 2013). In the case of MMC and MMV-based methods, local
non-smooth points appear at the intersection parts of components even when
using complicated shapes to obtain boundaries (Guo et al. 2016; Zhang et al.
2017).
Figure 2.1 Schematic illustration of level-set methods (Gibou et al. 2018)
Even though there are a number of algorithms capable of forming smooth
or high resolution boundaries, element-based algorithms that could combine
the benefts of different methods are generally preferred because of their ad-
vantages of easy implementation and ability of creating holes freely across
the design domain and obtaining final topologies that are not heavily depen-
dent on the initial guess (Huang 2020). The literature review in this section
is narrowed down to newly developed element-based algorithms that are able
to form smooth boundaries.
The early works pursuing smooth boundaries were mainly based on adap-
tive techniques. Maute and Ramm (1995) proposed a method that adapts
the effective design space of each design cycle using cubic or Bézier splines,
and void areas were ignored during the optimisation process. In doing so, the
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Figure 2.2 Schematic illustration of MMC and MMV-based methods (Xue
et al. 2019)
proposed method can not only obtain smooth topological designs but also
reduce the number of design variables. Applications of the proposed adaptive
method to the topological design of shell and elastoplastic structures were
presented by Maute and Ramm (1997) and Maute et al. (1998).
Taking advantage of the fixed-grid and level-set or iso-line design meth-
ods have been widely used to implement smooth topological design. Abdi
et al. (2014) integrated the extended finite element method (X-FEM) and iso-
line design method into an evolutionary optimisation algorithm to generate
smooth boundaries, as illustrated in Figure 2.3.
Liu et al. (2008) presented a fixed-grid-based (FG) BESO method to pro-
vide smooth structural boundaries for the topological design of underground
tunnels. Victoria et al. (2009, 2010, 2011) developed an isolines topology de-
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sign (ITD) algorithm for 2D and 3D continuum structures based on extended
ESO (XESO) and the fixed-grid FEA method of analysis. Da et al. (2018)
proposed an evolutionary topology optimisation (ETO) with the smooth
boundary representation based on a nodal sensitivity-based level-set func-
tion (LSF). Chen et al. (2019) developed a new ETO algorithm that evolves
smooth boundaries based on the solid/void design of the grid points that
are assigned to each element (see Figure 2.4), and then the 3D version of
ETO was presented by Li et al. (2019). Liu et al. (2019a) extended the ETO
algorithm to conduct the smooth design of topology optimisation for stress
minimisation using the similar strategy proposed by Chen et al. (2019) and
Li et al. (2019). As the ETO algorithm is developed based on BESO, only
BESO-based optimiser can be used to update design variables. However, in
some complicated optimisation problems, a more powerful optimiser such as
MMA is needed to obtain better solutions.
Recently, Huang (2020, 2021) presented a floating projection topology op-
timisation (FPTO) algorithm capable of forming a clear topology using the
floating projection constraint and ersatz material model. In addition, inves-
tigations on chiral metamaterials and dynamic acoustic–mechanical topology
optimisation problems have been conducted using FPTO (Chen and Huang
2019; Hu et al. 2020).
Instead of the fixed-grid method, Mart́ınez-Frutos and Herrero-Pérez (2018)
presented an evolutionary algorithm for robust topology optimisation (RTO)
capable of generating smooth boundaries using an adaptive anisotropic sparse
grid method, as illustrated in Figure 2.5.
Most recently, Gao et al. (2020b, 2021) combined the phase-field method
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Figure 2.3 (a) Design domain; (b) Strain energy density (SED) distribution;
(c) Isolines of SED; (d) Structural boundary represented by intersection
of criteria (SED) distribution and minimum SED level; (e) Final topology
(Abdi et al. 2014)
Figure 2.4 Mesh, smooth boundary, density of grid points xj, and volume
fraction of an element xe are used in ETO (Chen et al. 2019)
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Figure 2.5 Schematical explanation of RTO algorithm (Mart́ınez-Frutos and
Herrero-Pérez 2018)
with BESO and SIMP to generate smooth boundaries for these two typical
element-based algorithms.
Other than the above smooth boundary representation strategies, Ullah
et al. (2014, 2017) integrated the boundary element method (BEM), BESO,
level-set method, and non-uniform rational B-splines (NURBS) to obtain
topologies with smooth boundaries, as demonstrated in Figure 2.6. Yin et al.
(2019) proposed a new method through combining isogeometric topology
optimisation and BESO where exact boundary information can be obtained.
In the proposed algorithm, sensitivity numbers are calculated based on the
NUBRS control points; the response analysis is conducted using isogeometric
analysis (IGA); and a new NURBS filter is developed to replace the filter in
standard BESO (see Figure 2.7). Wang et al. (2019c) combined the game of
building blocks and BESO to develop a new algorithm that is able to form
smooth topological boundaries using the pseudo-auxiliary line.
Although the smooth design of evolutionary topology optimisation had
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Figure 2.6 Example of reconstructed geometry for a cantilever beam (Ullah
et al. 2017)
Figure 2.7 (a) Relationship of control point i and corresponding elements;
(b) Relationship of element i and corresponding control points; (c) NURBS
basis function corresponding to control point i (Yin et al. 2019)
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been extensively discussed and studied, these works have focused on use
of discrete design elements and only few works looked at smooth bound-
ary representation based on continuous design variables despite the fact that
the most widely used topology optimisation methods are using continuous
design variables. Even though Xiao et al. (2019) combined SIMP and dis-
crete level-set method to develop a new hybrid algorithm, it still cannot
solve the boundary issue, so the support vector machine (SVM) was uti-
lized as the post-processing tool to obtain smooth boundaries. Recently,
Wang et al. (2019b) developed an adaptive mesh-adjustment method based
on SIMP to describe irregular topological boundaries with isoparametric el-
ements. However, zigzag and blurry boundaries (see Figure 2.8) still existed
in the optimised designs, so it can be only concluded that there was limited
improvement on the topological boundaries.
Figure 2.8 Elements with mesh adjustment algorithm (Wang et al. 2019b)
In addition to the smooth design of topology optimisation discussed above,
Nguyen et al. (2010) proposed the multiresolution topology optimisation
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(MTOP) algorithm capable of obtaining high resolution (smooth) designs
using three different meshes: the displacement mesh, density mesh, and de-
sign variable mesh. In their algorithm, a coarser discretisation was used
for finite elements, and finer discretisation was employed for density ele-
ments and design variables. As topologies are determined based on the fine
density element mesh, high resolution or smooth designs can be obtained.
Since then, a number of improved MTOP algorithms have been proposed
by Nguyen et al. (2012, 2017), Parvizian et al. (2012), Wang et al. (2014),
and Groen et al. (2017). Afterwards, Park and Sutradhar (2015) first used
MTOP to obtain high resolution designs for 3D multi-material problems.
However, Gupta et al. (2018) pointed out that QR-patterns (disconnected
material distributions) are still the most challenging issue that needs to be
eliminated for MTOP, and the significantly higher complexity of MTOP al-
gorithms restricts their attractiveness to students and scholars.
Furthermore, the point-wise density interpolation methods, in particular
those using analysis mesh-independent density design variable points (see
Figure 2.9), could provide the capability of forming smooth boundaries even
when irregular shaped elements are used in FEA (Kang and Wang 2011;
Wang et al. 2014; He et al. 2014).
Based on the above literature, it can be concluded that the majority of
element-based algorithms capable of forming smooth boundaries were de-
veloped based on the combination of additional techniques (i.e., fixed grid,
adaptive grid, NURBS, and adaptive mesh) and conventional methods (for
example, BESO and SIMP). Developing element-based algorithms that are
able to form clear and smooth boundaries is still a new but promising research
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field.
Figure 2.9 Design variable points (analysis mesh-independent) (Wang et al.
2014)
2.2 Methods of forming self-supporting topolo-
gies
Compared with introducing extra support structures, designing self-supporting
structures via topology optimisation algorithms is able to reduce the fabrica-
tion cost by eliminating support structures during fabrication and simplifying
the post-treatment. However, it should be acknowledged that performance
would be sacrified as less design freedoms are provided to form self-supporting
structures compared to general topological designs. Recent years witnessed
an increasing interest in developing AM oriented topology optimisation meth-
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ods for self-supporting structure design.
To fulfill the idea of self-supporting structures, Leary et al. (2014) in-
corporated a post-processing method in the density-based method to assure
manufacturability of FDM structures without introducing extra support ma-
terials, and the implementation of the proposed method is on the basis of
altering the support inclination angle and offset thickness (Leary et al. 2014).
Essentially, the features similar to support structures are added as a part
of the component (Figure 2.10), which is a straightforward way to obtain
support-free structures.
Figure 2.10 Support-free topologically optimal cantilever beam (Leary et al.
2014)
Some geometric overhang restrictions were directly considered in AM ori-
ented topology optimisation. Gaynor and Guest (2016) presented a Heaviside
projection-based approach in the optimisation scheme to ensure that struc-
tural features are sufficiently self-supporting. The basic logic is that a certain
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structural feature point is not allowed to exist unless it is sufficiently sup-
ported by neighboring features. In their study, the overhang angle constraint
is imposed via the presented projection-based method rather than an explicit
constraint (Gaynor and Guest 2016).
Similarly, Langelaar (2017) combined a layerwise nonlinear spatial filter-
ing scheme that mimics a typical powderbed-based AM process. The aim of
this layerwise filtering scheme or AM filter is to prevent the optimised designs
from violating geometrical limitations of AM (Langelaar 2017). The strategy
of 2D Langelaar’s AM filter is illustrated in Figure 2.11. The basic idea is
that the design variable value of the element to be supported (black element)
should not be less than the maximum value of the elements in the supporting
region (grey elements). Even though the basic form of Langelaar’s AM filter is
restricted to 45 degree overhang angles, different critical overhang angles can
be obtained straightforwardly by either choosing a different aspect ratio of
the elements used in the FE mesh, or by applying a mesh mapping (see Lan-
gelaar (2018)). Afterwards, Barroqueiro et al. (2019) improved Langelaar’s
AM filter by using the softmax function to reduce the absolute error (i.e.,
the difference between real maximum and maximum smooth approximation).
Most recently, the effectiveness of Langelaar’s AM filter was thoroughly vali-
dated by Zhao et al. (2021) using SLM, and the bending behavior and failure
mechanism of additively manufactured geometries were assessed using FEA
and experimental tests (see Figure 2.12). Nowadays, Langelaar’s gradient-
based AM filter has almost become the most extensively used method of
forming self-supporting designs (Thore et al. 2019; Pellens et al. 2019). Fol-
lowing the basic idea of Langelaar’s AM filter, Zou et al. (2021) proposed a
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new explicit constraint function to carry out the self-supporting constraint.
Figure 2.11 Definition of supporting region Si,j for element i, j in Langelaar’s
AM filter (Langelaar 2017)
Figure 2.12 Experimental and numerical three-point bending results (Zhao
et al. 2021)
van de Ven et al. (2018) developed an overhang filter based on front
propagation, whose role is to detect overhang regions with the anisotropic
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speed function. The process of obtaining self-supporting topologies in the
presented filter is illustrated in Figure 2.13. Unlike using a structured mesh,
this method utilized an unstructured mesh suitable for the initial design do-
main having holes and curved surfaces. Garaigordobil et al. (2018, 2019)
took advantage of an edge detection algorithm in the image processing field,
Smallest Univalue Segment Assimilating Nucleus (SUSAN), to identify and
control the inclination of members for both compliance minimisation and
compliant mechanism design problems. Kuo and Cheng (2019) proposed a
method capable of forming self-supporting topologies using a logistic aggre-
gate function. Zhang et al. (2019) proposed an approach considering both
the overhang angle and hanging feature constraints where the hanging fea-
ture and too thin component can be successfully suppressed. Recently, Wang
et al. (2019a) used a Heaviside projection-based integral (HPI) formulation
to control the boundary slope of topological boundaries for density-based
methods such as SIMP and RAMP.
Figure 2.13 (a) Topology; (b) Front propagation; (c) Delay field; (d) print-
able densities (van de Ven et al. 2018)
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Other than using density-filtering-based methods, Allaire et al. (2017a,b)
proposed a physics-based method for self-supporting design through defining
a new mechanical constraint functional on the compliance of the intermediate
shapes during the layer-by-layer manufacturing of a topology. However, the
methods proposed by Allaire et al. (2017a,b) have a far higher computational
cost than the density-filtering-based methods as they are based on performing
a number of additional FEA in each iteration to assess the self-weight stiffness
of the intermediate structure.
In terms of using the level-set framework, Wang et al. (2018) proposed
an overhang constraint with a single domain integral to facilitate the detec-
tion of overhang angle violation, as demonstrated in Figure 2.14. However,
topological designs obtained in level-set methods are highly dependent on
the initial guess design and regularisation technique, and its convergence is
dependent on mesh discretisation and regularisation.
Other than the layer-by-layer manner, the feature-driven method is at-
tracting scholars’ attention recently. Guo et al. (2017) proposed AM oriented
topology optimisation approaches capable of forming self-support structures
based on MMC and MMV solution frameworks, and numerical simulations
demonstrated that MMC and MMV based methods were able to fully obey
overhang angle constraints for searching optimised structures, as shown in
Figure 2.15. Afterwards, Xian and Rosen (2020) introduced critical overhang
angle constraints into the MMC method to form self-supporting designs and
used penalty functions to ensure connectivity between building blocks. An
example of the optimised self-supporting topology and corresponding printed
geometry are shown in Figure 2.16.
28 2.2 Methods of forming self-supporting topologies
Figure 2.14 Shape evolution of the inner hole (Wang et al. 2018)
Figure 2.15 Comparison of self-supporting structures with unconstrained op-
timised structures (Guo et al. 2017)
Figure 2.16 (a) An output structure of the MBB beam; (b) Printed part
without support structures (Xian and Rosen 2020)
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As the intersections of holes in MMV may be prevented by constraints,
a recent study from Zhang and Zhou (2018) introduced polygon-featured
holes and overhang constraints to design self-supporting structures. In their
studies, polygon-featured holes are used as basic design primitives, and over-
hang restrictions are involved into the geometry description, as illustrated in
Figure 2.17.
Figure 2.17 A part with different situations of polygon intersections (Zhang
and Zhou 2018)
Most recently, Wang et al. (2021) applied developed overhang angle con-
straints on a B-spline based topology optimisation algorithm where the over-
hang angle can be changed based on the gradient of the density feld. The
optimisation process of obtaining a self-supporting design with the critical
overhang angle of 45◦ is demonstrated in Figure 2.18, and optimised self-
supporting topologies with different critical overhang angles are shown in
Figure 2.19.
Looking at the experimental results obtained by Huang et al. (2020), it
can be concluded that only using the overhang angle over constraints the
optimisation problem. Even though the angle of the overhang is less than
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Figure 2.18 Convergence process of self-supporting design where ‖∇ρ̃‖ rep-
resents density gradient norm (Wang et al. 2021)
the minimum allowable self-supporting angle, the overhang can still be built
without any support structures as long as the length of the overhang is less
than a certain allowable length. Therefore, the overhang length constraint
should be introduced to exactly determine whether support structures are
required. As presented by Mirzendehdel and Suresh (2016), the overhang





5 + 40(1− α/π) 3π/4<α ≤ π
∞ 0 ≤ α ≤ 3π/4
(2.1)
where α is the subtended angle in radians and h(mm) is the overhang length
defined by Mirzendehdel and Suresh (2016). The detailed explanation of
Equation 2.1 is shown in Figure 2.20.
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Figure 2.19 Self-supporting designs considering different critical overhang
angles where α0 represents the minimum allowable overhang angle (Wang
et al. 2021)
Figure 2.20 Explanation of overhang length constraint (Mirzendehdel and
Suresh 2016)
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Some potential solutions of considering both overhang angle and length
constraints in topology optimisation had been discussed by Huang et al.
(2020). Liu and Yu (2020) proposed a new method capable of using only
the critical overhang angle criterion (Figure 2.21a), or the comprehensive
criterion (Figure 2.21b) that simultaneously considers the overhang length
and angle to obtain suitable self-supporting topologies for different AM pro-
cesses. Most recently, Wang et al. (2020f) proposed a new method to obtain
self-supporting topologies for SLM through investigating printable overhang
heights under different critical overhang angles, as demonstrated in Figure
2.22.
Figure 2.21 (a) Optimised result without the check of single-side support
condition (b) Optimised result with the check of single-side support condition
(Liu and Yu 2020)
Even though there are a great number of investigations regarding 2D
self-supporting topologies, these studies have more theoretical values than
application values compared to the investigations on 3D self-supporting de-
signs. Studies on 3D self-supporting design have attracted scholars’ attention
in recent years. The early work is Langelaar’s gradient-based AM filter (Lan-
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Figure 2.22 Optimised designs with different critical overhang angles. The red
lines on the contour plots indicate overhang features with critical overhang
angles. ᾱ represents the critical overhang angle. h̄ represents the critical
overhang height. αc represents the overhang angle. hc represents the height
of the adjacent support region (blue elements). (Wang et al. 2020f)
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gelaar 2016) (see Figure 2.23), followed by an improved method capable of
executing simultaneous topology optimisation and support structures con-
sidering metal AM constraints and post-print machining requirements (Lan-
gelaar 2019). Han et al. (2019) proposed hybrid additive-subtractive manu-
facturing constraints for 3D continuum structures based on BESO. Mezzadri
and Qian (2020) proposed a second-order measure strategy for controlling
the overhang angle to enhance the manufacturability of designs in AM, and
a 3D cantilever beam case was tested (see Figure 2.24). Zhao et al. (2020)
formulated the self-supporting requirements as an explicit quadratic con-
tinuous constraint, and 3D benchmark problems were tested. Zhang and
Cheng (2020) integrated the proposed constraint that is imposed on the over-
hang angle, directional-dependent overhang angle, and horizontal minimum
length scale into the MTOP method to conduct the smooth design of 3D
self-supporting topologies. van de Ven et al. (2020) presented a 3D front
propagation based overhang filter through which printable topologies can be
obtained, as demonstrated in Figure 2.25. Most recently, Bi et al. (2020)
developed a new layer-wise geometric self-supporting constraint for 3D con-
tinuum structures based on BESO. In addition, AM experiments were con-
ducted to validate the effectiveness of the proposed constraint by printing a
hinge frame used in aerospace.
Based on the above literature review, it can be concluded that there have
been numerous well-established AM restriction methods of generating self-
supporting geometries that are developed based on standard element-based
algorithms such as SIMP and BESO. Other than using the critical overhang
angle of 45◦, there are some research working on different critical overhang
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Figure 2.23 Illustration of 3D Langelaar’s gradient-based AM filter where
S(i,j,k) represents the supporting region (Langelaar 2016)
Figure 2.24 3D self-supporting designs at different iterations (Mezzadri and
Qian 2020)
Figure 2.25 Overhang detected in an arbitrary geometry (van de Ven et al.
2020)
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angles (van de Ven et al. 2018; Zhang et al. 2019; Bi et al. 2020). As the
critical overhang angle is machine-material dependent, designers working on a
specific AM machine ideally should be able to choose various critical overhang
angles. Current investigations on self-supporting restriction methods mainly
focus on theoretical explorations.
2.3 Remarks on smooth design of self-supporting
topologies
Based on the literature review in Chapter 2.2, it is known that the majority
of self-supporting restriction methods were developed based on traditional
element-based algorithms such as SIMP and BESO, and therefore zigzag or
both zigzag and blurry boundaries are inevitably formed in obtained self-
supporting designs. Self-supporting methods developed based on level-set,
MMV or MMC, and the method using polygon-featured holes can obtain
distinct self-supporting designs (Wang et al. 2018; Guo et al. 2017; Zhang
and Zhou 2018), and therefore redesign and post-processing methods are not
required (refer to Figures 2.14 and 2.15). However, compared to element-
based algorithms, inherent disadvantages of these sorts of algorithms (level-
set and MMV or MMC methods) have been discussed in Chapter 2.1.
Although Chapter 2.1 summarised some element-based algorithms ca-
pable of forming smooth boundaries, only MTOP was used as the optimisa-
tion platform to generate self-supporting topologies based on the literature
review in Chapters 2.1 and 2.2 (refer to the work presented by Zhang and
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Cheng (2020)), and the inherent disadvantage of MTOP was previously dis-
cussed in Chapter 2.1. Based on the above discussion, it can be concluded
that little research focuses on the smooth design of self-supporting topolo-
gies using the element-based algorithm. As most self-supporting constraints
presented in Chapter 2.2 are developed based on the SIMP framework, it
is a promising field to propose an easy-to-use element-based algorithm that
is able to form smooth boundaries based on SIMP. This is because the SIMP
based algorithm can be easily integrated with existing self-supporting con-
straint methods such as Langelaar’s AM filter (Langelaar 2017) or some other
methods proposed by van de Ven et al. (2018), Kuo and Cheng (2019), Wang
et al. (2020f), and Zou et al. (2021) to obtain print-ready designs without
introducing post-processing methods before fabrication and extra support
structures during fabrication. In addition, it can be concluded that there is
very little research working on the development of smooth topological design
algorithms based on the SIMP framework according to Chapter 2.1.
Furthermore, the open source framework for integrated AM and level-
set-based topology optimisation proposed by Vogiatzis et al. (2016, 2017) or
some other similar open source codes can be directly used to transfer the ge-
ometrical information of optimised topologies obtained in the element-based
smooth topology optimisation algorithms that use the level-set function to
implicitly extract boundaries (Abdi et al. 2014; Da et al. 2018; Chen et al.
2019; Liu et al. 2019a; Huang 2020, 2021) to STL files for further numerical
analysis or AM. This capacity merges with its flexibility in adopting existing
approaches makes the methods proposed by Abdi et al. (2014), Da et al.
(2018), Chen et al. (2019), Liu et al. (2019a), Gao et al. (2020b, 2021), and
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Huang (2020, 2021) good tools for engineers who want to use the power of
topology optimisation to enhance their designs. It can be concluded that
these smooth topological design algorithms (using the level-set function) can
not only provide smooth boundaries but convenience in the preparation of
STL files for AM, compared to standard element-based algorithms (refer to
Figure 1.4).
2.4 Research questions
To reach the research objectives presented in Chapter 1.2, research ques-
tions that need to be addressed in this project are summarised as:
[Q1] How to develop an element-based topology optimisation algorithm ca-
pable of forming smooth boundaries based on the SIMP framework?
[Q2] How to obtain self-supporting topologies using the proposed algorithm?
[Q3] What are the differences between general and self-supporting topologies
observed by the physical verification?
C H A P T E R 3
Smooth Topological Design
Algorithm
Based on the literature review in Chapter 2.1, it is known that even
though MMC and MMV-based and level-set methods can form high res-
olution boundaries, element-based topology optimisation algorithms have
their advantages of easy implementation and ability of creating holes freely
across the design domain and obtaining final topologies that are not heav-
ily dependent on the initial guess. A new element-based algorithm that is
capable of forming smooth boundaries is therefore required to eliminate the
post-processing methods of smoothing boundaries as standard element-based
methods will inevitably generate zigzag or both blurry and zigzag boundaries.
This chapter presents a newly developed algorithm named Smooth-Edged
Material Distribution for Optimising Topology (SEMDOT) through combin-
ing the benefits of the smooth representation in ETO and density-based
optimisation in SIMP.
SEMDOT uses elemental volume fractions which depend on the densi-
ties of grid points in the Finite Element Analysis (FEA) model rather than
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elemental densities, which is the same as ETO. However, the proposed SEM-
DOT is able to use a more powerful optimiser such as MMA instead of the
BESO-based optimiser in ETO as it is developed based on the SIMP frame-
work. In addition, the Heaviside smooth function is used in SEMDOT instead
of the Heaviside step function in ETO to obtain better results. When the
Heaviside smooth function is considered, intermediate elements that are not
along the boundary will inevitably appear during the optimisation process.
To measure the accuracy of the represented smooth boundary, an indicator
termed topological boundary error is defned in SEMDOT as one termination
criterion. Compared to ETO and SIMP, multiple filtering steps are used in
SEMDOT to obtain a reasonable topology with better performance instead
of single filtering step.
Even though SEMDOT is developed based on the SIMP framework, the
ways of treating intermediate elements in these two algorithms are different.
In SIMP, materials are uniformly distributed in intermediate elements. Un-
like intermediate elements with the uniformly distributed material in SIMP,
all the intermediate elements in SEMDOT are artificially defined as bound-
ary elements that are considered as a combination of solid and void materials
(bi-material or composite elements), as illustrated in Figure S1. Areas 1 to
4 in an element with a relative density of 0.5 (Figure S1a) have the identi-
cal material properties in SIMP, whereas the same areas in an element with
a relative density of 0.5 (Figure S1b) have different material properties in
SEMDOT.
The artificial boundary representation scheme (see Figure S1b) in SEM-
DOT leads to non-constant values of material properties over the element.
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Figure S1 Representations of intermediate elements in (a) SIMP and (b)
SEMDOT when Xe=0.5
Therefore, stiffness matrices of boundary elements are approximated using
the form, Ke(Xe) = (1−Xe)K0e+XeK1e where (1−Xe) andXe can be regarded
as weighting factors. It is noted that the stiffness matrices of solid (K1e) and




e) elements are calculated using the standard SIMP expres-
sions. Using the same form (i.e.,  = (1−Xe)void +Xesolid), sensitivities















In this chapter, several 2D numerical examples are studied to demonstrate
the application and effectiveness of SEMDOT. Through these examples, first,
the advantages of using the Heaviside smooth function are discussed in com-
parison to the Heaviside step function that is used in ETO to implement
the solid/void design of grid points inside elements. Then, the benefits of
introducing multiple filtering steps in this algorithm are shown. Finally,
comparisons are conducted to exhibit the differences between SEMDOT and
some well-established element-based algorithms. The validation of the sen-
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sitivity analysis method adopted in SEMDOT is conducted using a typical
compliant mechanism design case. In addition, this chapter provides the
Matlab source code of SEMDOT.
To facilitate a better understanding of the SEMDOT code, further clari-
fication of some equations in the following contents is made here. The Heav-
iside smooth function (Eq. (16)) that computes the Heavisided densities ρe,g
comes first, followed by the level-set function (Eq. (20)). In Eq. (16), the
threshold Ψ is determined iteratively using the bi-section method such that
the target volume constrain can be satisfied iteratively. Then, Eq. (20) uses
the determined Ψ and the grid point density before the Heaviside projection
to form smooth boundaries. Grid point densities after the Heaviside projec-
tion are used to assemble new elemental volume fractions (see Eq. (18)) for
the next round of FEA.
This chapter answers research question [Q1]. In the following chapter, the
current 2D version of SEMDOT will be extended to 3D, and corresponding
parametric studies will be carried out.
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A B S T R A C T   
Element-based topology optimization algorithms capable of generating smooth boundaries have drawn serious 
attention given the significance of accurate boundary information in engineering applications. The basic fra-
mework of a new element-based continuum algorithm is proposed in this paper. This algorithm is based on a 
smooth-edged material distribution strategy that uses solid/void grid points assigned to each element. Named 
Smooth-Edged Material Distribution for Optimizing Topology (SEMDOT), the algorithm uses elemental volume 
fractions which depend on the densities of grid points in the Finite Element Analysis (FEA) model rather than 
elemental densities. Several numerical examples are studied to demonstrate the application and effectiveness of 
SEMDOT. In these examples, SEMDOT proved to be capable of obtaining optimized topologies with smooth and 
clear boundaries showing better or comparable performance compared to other topology optimization methods. 
Through these examples, first, the advantages of using the Heaviside smooth function are discussed in com-
parison to the Heaviside step function. Then, the benefits of introducing multiple filtering steps in this algorithm 
are shown. Finally, comparisons are conducted to exhibit the differences between SEMDOT and some well- 
established element-based algorithms. The validation of the sensitivity analysis method adopted in SEMDOT is 
conducted using a typical compliant mechanism design case. In addition, this paper provides the Matlab code of 
SEMDOT for educational and academic purposes.   
1. Introduction 
Topology optimization basically aims to distribute a given amount 
of material within a predefined design domain such that optimal or near 
optimal structural performance can be obtained [1–3]. It often provides 
highly efficient designs that could not be obtained by simple intuition 
without assuming any prior structural configuration. Topology opti-
mization as a design method has been greatly developed and ex-
tensively used since the pioneering paper on numerical topology opti-
mization by Bendsøe and Kikuchi [4]. A number of topology 
optimization algorithms have been proposed based on different strate-
gies: homogenization of microstructures [4], using elemental densities 
as design variables [5], evolutionary approaches [6], topological deri-
vative [7], level-set (LS) [8,9], phase field [10], moving morphable 
component (MMC) [11], moving morphable void (MMV) [12], ele-
mental volume fractions [13], and using the floating projection [14,15]. 
In recent years, these topology optimization approaches have been 
applied in a wide range of distinct engineering problems, including 
frequency responses [16,17], stress problems [18,19], convection pro-
blems [20–22], structural failure problems [23,24], large-scale pro-
blems [25–27], nanophotonics [28], metamaterial design [29], and 
manufacturing oriented methods [30–34] have been presented in re-
cent years. 
Early proposed topology optimization algorithms are mainly ele-
ment-based such as solid isotropic material with penalization (SIMP) 
algorithm [35] and bi-directional evolutionary structural optimization 
(BESO) algorithm [36]. SIMP uses the artificial power-law function 
between elemental densities and material properties to suppress inter-
mediate elements to a solution with black and white elements, and 
BESO heuristically updates design variables using discrete values (0 and 
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1). As elements are not only involved in finite element analysis (FEA) 
but the formation of topological boundaries, zigzag (for example, 
BESO) or both zigzag and blurry boundaries (for example, SIMP) will be 
inevitably generated. Therefore, shape optimization or other post-pro-
cessing methods have to be used to obtain accurate boundary in-
formation after topology optimization [37–39]. Given the significance 
of the accurate boundary representation, some proposed algorithms 
such as the level-set method, MMC-based method, elemental volume 
fractions based method, and using the floating projection have suc-
cessfully solved the boundary issue. Even though there are a number of 
algorithms capable of forming smooth or high resolution boundaries, 
element-based algorithms that could combine the benefits of different 
methods are generally preferred because of their advantages of easy 
implementation and ability of creating holes freely across the design 
domain and obtaining final topologies that are not heavily dependent 
on the initial guess [14]. 
Elemental volume fractions based methods are originally from the 
evolutionary topology optimization (ETO) algorithms using the con-
tinuation method on the volume and BESO-based optimizer  
[13,40–42]. To provide a more easy-to-use, flexible, and efficient op-
timization platform, the authors proposed a new smooth continuum 
topology optimization algorithm through combining the benefits of the 
smooth representation in ETO and density-based optimization in SIMP  
[43–46]. The proposed algorithm is termed Smooth-Edged Material 
Distribution for Optimizing Topology (SEMDOT) based on its optimi-
zation mechanism. The basic idea of elemental volume fractions based 
algorithms (for example, ETO and SEMDOT) is to pursue the solid/void 
design of grid points that are assigned to each element through which 
smooth boundaries can be obtained. The concept of using design points 
within an element has been proposed and studied before ETO and 
SEMDOT. Nguyen et al. [47] presented a multiresolution topology op-
timization (MTOP) scheme that can generate high resolution designs 
with relatively low computational cost using three different meshes: the 
displacement mesh, density mesh, and design variable mesh. In MTOP, 
Gauss points were used for the integration of the stiffness matrix. 
Afterwards, Park and Sutradhar [48] first used MTOP to obtain high 
resolution designs for 3D multi-material problems. However, Gupta 
et al. [49] pointed out that the complexity of MTOP would restrict its 
attractiveness to students and scholars. Instead of using design points 
within each element, Kang and Wang [50] proposed a pointwise den-
sity-based interpolation method where the density field is constructed 
from design points within a certain circular influence domain of the 
point. Unlike ETO and SEMDOT, design points in the method proposed 
by Kang and Wang [50] are not involved in forming smooth boundaries, 
so the non-smooth boundary issue persists in it. 
Compared with some newly developed or improved algorithms 
capable of generating smooth boundaries, SEMDOT can be easily 
integrated with some existing methods that were established based on 
SIMP to achieve specific performance goals. An example is the combi-
nation of SEMDOT and Langelaar’s additive manufacturing (AM) filter  
[51] which can successfully generate smooth self-supporting topologies  
[43,45,52]. Other than Langelaar’s AM filter, some other strategies 
regarding AM restrictions proposed by van de Ven et al. [53] and Zhang 
et al. [54] can also be considered in SEMDOT for the support-free de-
sign. However, extra efforts have to be made for MMCs-based methods 
to obtain self-supporting designs [55]. In addition, the effectiveness of 
SEMDOT in solving 3D optimization problems is recently demonstrated 
by Fu et al. [46], through solving a number of benchmark problems and 
a comparison with a well-established large-scale topology optimization 
framework, TopOpt (proposed by Aage et al. [25]). 
Even though the theoretical framework of SEMDOT was built and 
demonstrated by authors, other benefits and distinctions of SEMDOT 
compared with some current element-based algorithms have not been 
thoroughly discussed. Furthermore, details of SEMDOT algorithm and 
some of its subtle differences with methods like ETO which translate 
into more robust performance have not been discussed before. 
In this work, the reason behind using the Heaviside smooth function 
in SEMDOT instead of the Heaviside step function that is extensively 
used in ETO algorithms is explained. Effects of different combinations 
of filter radii on performance, convergence, and topologies, which have 
not been discussed in authors’ previous works, are investigated, and the 
rationality of the sensitivity analysis strategy used in SEMDOT is proved 
through a compliant mechanism design case. Numerical comparisons 
with other element-based topology optimization methods are thor-
oughly conducted. Finally, the Matlab code of SEMDOT is released to 
the topology optimization community facilitating the replication of the 
results presented in this paper, and also for future use. 
An overview of this paper is as follows. Section 2 explains the 
mathematical framework of SEMDOT. Section 3 conducts several nu-
merical examples to exhibit the benefits and distinctions of SEMDOT 
compared with a number of element-based topology optimization al-
gorithms. Concluding remarks are drawn in Section 4. Finally, the 
Matlab code of SEMDOT is presented in the Appendix. 
2. Formulation 
2.1. Mathematical descriptions of smooth-edged material distribution 
strategy 
The smooth-edged material distribution strategy in SEMDOT is to 
form a clear topological boundary based on the the solid/void design of 
grid points that are assigned to each element, as illustrated in Fig. 1. In  
Fig. 1, the density of the gth grid point in the eth element ρe,g is assigned 
1 to represent a solid grid point or a small artificial value ρmin (typically 
Fig. 1. Illustration of smooth-edged material distribution.  
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0.001) to represent a void grid point. In SEMDOT, densities at grid 
points (ρe,g) are actually the design variables. Following the power-law 
model in SIMP, the material interpolation scheme at grid points is ex-
pressed by 





where Ee(ρe,g) is the function of the Young’s modulus with respect to 
grid point densities, E1 is the Young’s modulus of the base material, and 
p is a penalty coefficient. 
These grid point densities are not directly involved in Finite Element 
Analysis (FEA). Instead, in SEMDOT, element-based variables are used 
in the FEA model. Elemental volume fractions that depend on the 













where Xe is the volume fraction of the eth element and N is the total 
number of grid points in each element. Even though the number of grid 
points is much higher than elements, because grid points are not in-
volved in FEA, SEMDOT can maintain a proper balance between the 
smoothness of topological boundaries and computational cost. 
As illustrated in Fig. 1 and Eq. (2), in solid or void elements, grid 
point densities are homogeneously distributed. Based on Eq. (1), for 
solid and void elements we can write 
=E X X E X( ) { , 1}e e ep e1 min (3)  
In SEMDOT, the Young’s modulus and stiffness matrices of solid and 
void elements are calculated using the standard SIMP expressions based 
on Eq. (3). However, unlike SIMP, the intermediate (boundary) ele-
ments in SEMDOT are non-homogenised combination of solid and void 
materials (bi-material elements), as illustrated in Fig. 1. Because of this 
representation, elemental material properties are not well-defined 
functions of Xe [42]. Therefore, in SEMDOT such properties are ap-
proximated using a linear interpolation between the two phases of solid 
and void in the form, = +X X(1 )e evoid solid where Xe and 
X(1 )e can be regarded as weighting factors of solid and void mate-
rials, respectively. This linear interpolation scheme is used in this 
Fig. 2. Flowchart of the SEMDOT method.  
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version of SEMDOT because of its simplicity. Based on the above dis-
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where Ke(Xe) is the function of the stiffness matrix with respect to the 
elemental volume fraction Xe, Ke0 is the stiffness matrix of the void 
element, and Ke1 is the stiffness matrix of the solid element. 
The sensitivity measures the effectiveness of altering elemental 
volume fractions on reducing or increasing the objective function 
through which the search direction of optimization can be determined  
[56,57]. Instead of calculating the sensitivities with respect to ρe,g, we 
can find the sensitivities with respect to Xe as auxiliary variables and 
then find ρe,g values based on Xe in a later stage. 
Assuming compliance as the objective function (see Section 2.2), for 
void and solid elements, based on Eq. (3), the sensitivities with respect 
to Xe can be calculated as ==C X X p u K u( )/ |e e X p e e eTmin
1 1
e min and 
==C X X pu K u( )/ | ,e e X e e eT1 1e respectively. On the other hand, calcu-
lating the accurate sensitivities of boundary (intermediate) elements in 
SEMDOT with respect to Xe is impossible as these boundary elements 
are not homogeneous. Therefore, similar to what noted for material 
properties above, sensitivities of boundary elements are approximated 
as a linear combination of the sensitivities of void elements with a 
weighting factor of X(1 )e and sensitivities of solid elements with a 
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Fig. 3. Design domain of a simply supported deep beam.  
Fig. 4. Compliance and optimized topology obtained with Heaviside step function for simply supported deep beam case.  
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where C is the objective function and ue is the displacement vector of 
the eth element. It is noted that Eq. (5) represents the sensitivity ana-
lysis of the compliance minimization problem. The validity of this ap-
proximation can be verified through numerical examples in Section 3. 
2.2. Topology optimization problems 
The minimum compliance (the maximum stiffness) optimization 
problem, one of the most popular test cases for topology optimization, 
is used to comprehensively demonstrate the algorithm mechanism of 
SEMDOT and conduct numerical comparisons in this paper. The cor-
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* 0














where f and u are global force and displacement vectors, respectively; K 
is the global stiffness matrix; Ve is the volume of the eth element; V* is 
the prescribed value of the allowable volume; and M is the total number 
of elements in the design domain. 
The compliant mechanism design case is also considered to further 
demonstrate the effectiveness of the sensitivity analysis method 
(Eq. (5)) adopted in SEMDOT. In compliant mechanism design, single- 
piece flexible structures transfer an input force or displacement to an-
other point through elastic deformation [58–60]. The corresponding 
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where L is a unit length vector with zeros at all degrees of freedom 
except at the output point where it is one, uout is the output port dis-
placement, ũ is the dummy load displacement vector calculated by 
solving =Ku L˜ , and fin is the input force vector. Similar to Eq. (5), 
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where ũe is the dummy load displacement vector of the eth element. 
2.3. Filtering 
Using filters in topology optimization is an effective way to ensure 
regularity or existence of topological designs [61]. The basic idea of 
filters is to substitute a (possibly) non-regular function with its reg-
ularization [61]. The filter that has the same form of the density filter is 
used for regularization of topology optimization problems in SEMDOT. 















where X̃e is the filtered elemental volume fraction, Ne is the neigh-
borhood set of elements within the filter domain for the eth element 
that is a circle centered at the centroid of this element with a predefined 
filter radius rmin, and ωel is a linear weight factor defined as 
= r e lmax(0, ( , ))el min (10) 
Fig. 5. Convergence process and optimized topology obtained with Heaviside smooth function for simply supported deep beam case.  
Fig. 6. Design domain of a simply supported deep beam with a fixed hole.  
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where Δ(e, l) is the center-to-center distance of the lth element within 
the filter domain to the eth element. It is noted that the filter for ele-
mental volume fractions Eqs. (9) and (10) can be substituted by other 
filters that were developed based on standard SIMP such as the sensi-
tivity filter presented by Sigmund [63] and the partial differential 
equation (PDE) filters proposed by Lazarov and Sigmund [61]. It should 
be noted that SEMDOT aims to obtain a topological design with inter-
mediate (gray) elements only along boundaries instead of pursuing a 
pure black and white (0/1) design, which means intermediate elements 
are useful for the determination of smooth boundaries. Consequently, 
some filters suppressing intermediate elements to black and white (0/1) 
elements (for example, Heaviside projection filter [64], morphology 
based filters [62], and volume preserving Heaviside projection scheme  
[65]) do not suit SEMDOT. 
Even though the filtering technique is applied on Xe, sensitivities 
with respect to Xe are still required by the optimizer to update Xe. 
Sensitivities of the objective functional with respect to Xe can then be 
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To obtain the densities of grid points, nodal densities should be 
obtained first in SEMDOT. Nodal densities can be obtained using a 













where ρn is the density of the nth node and ωne is the weight factor 
defined as 
= n emax(0, ( , ))ne min (13) 
where Δ(n, e) is the distance between the nth node and the center of the 
eth element and Υmin is the heuristic filter radius. It is important that 
the heuristic filter radius Υmin in SEMDOT is set to a value not less than 
1, otherwise topological designs cannot be obtained for most test cases. 
2.4. Generation of smooth topological boundaries 
The density at the grid point ρ(ζ, η) in the eth element can be ob-
tained through linear interpolation of nodal densities ρn. Considering a 








where (ζ, η) is the local coordinate of the grid point, n is the density for 
the γth node of the element, and Nγ(ζ, η) is an appropriate shape 
function. 
Fig. 7. Comparisons of performance, convergency, and topological designs between Heaviside step and smooth functions for simply supported deep beam case with a 
fixed hole. 
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Theoretically, the solid/void design of grid points can be im-
plemented by either Heaviside step function or Heaviside smooth 








min , (15) 
where Ψ is a threshold value. 
The tanh-based expression of the Heaviside smooth function pro-
posed by Wang et al. [67] is used in SEMDOT, which is 
= +
+
x ytanh( · ) tanh[ ·( ( , ) )]
tanh( · ) tanh[ ·(1.0 )]e g, (16) 
where β is a scaling parameter that controls the steepness and is up-
dated by 
= +k k 1 (17) 
where the subscripts denote the iteration number and Λ is the evolution 
rate for β. 
Once grid point densities are calculated, filtered elemental volume 
fractions are updated for the next round of FEA through summing up 


















n is the density of the grid point obtained by the Heaviside 
step or smooth function. 
The relationship between X̃e and X̃e
ewn can be simply established as: 




where δe is the deviation of X̃e and X̃e
ewn . Eq. (19) was mentioned in  
[43], whereas no details were provided there. Hence comprehensive 
discussions regarding this relationship will be presented in Section 3.2. 
The shape of the topological design is represented by a level-set 










( , ) 0 for solid region
( , ) 0 for boundary
( , ) 0 for void region (20) 
where (x, y) is the global coordinate of grid points, Φ(x, y) is the level- 
set function for grid points, and ρ(x, y) is the density of the grid point at 
(x, y). In SEMDOT, the threshold value Ψ is determined iteratively 
using the bi-section method such that the target volume constrain can 
be satisfied iteratively. Unlike the direct sensitivity-based level-set 
function presented by Da et al. [13] and Liu et al. [41], Eq. (20) uses the 
densities of grid points that are determined originally based on sensi-
tivity analysis (Eq. (5)). Therefore, Eq. (20) can be regarded as an in-
direct sensitivity-based or grid point density based level-set function. 
Fig. 8. Comparisons of performance, convergency, and topological designs between Heaviside step and smooth functions considering symmetry condition.  
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2.5. Convergence criteria 
For BESO-based methods, the optimization procedure terminates 
when the average change of the objective function values in recent 
iterations is less than a prescribed tolerance value [68]. As previously 
mentioned by Sigmund and Maute [69], the convergence criterion of 
BESO could prematurely terminate the optimization procedure, because 
design variables may be in an oscillating state switching between 0 and 
1 even though the objective function value based convergence criterion 
is satisfied. This oscillating state would result in a solution far from the 
optimum. On the other hand, the optimization procedure of standard 
SIMP is terminated when the maximum variation of design variables 
within two successive iterations is less than a prescribed tolerance [70]. 
However, when solving an optimization problem with a large number 
of elements, convergence difficulties can be observed in SIMP, as is 
discussed in Section 3.5. 
If the Heaviside step function is considered in SEMDOT, the opti-
mization procedure terminates when the overall topological alteration 


















where τ is the tolerance value for the overall topological alteration. This 
convergence criterion (Eq. (21)) is based on the overall measure of the 
variation of design variables compared to the local measure used in 
SIMP, and its better performance in determining convergency had been 
demonstrated by Fu et al. [43], 45], 46]. It is noted that Eq. (21) can 
also be used in SIMP or BESO and is likely to improve their determi-
nation of termination point. 
When the Heaviside smooth function is considered, intermediate 
elements that are not along the boundary will inevitably appear during 
the optimization process. Intermediate elements that are not along the 
boundary are the elements with the maximum grid point density less 
than 1 and the minimum density larger than ρmin. To measure the ac-
curacy of the level-set function (Eq. (20)) representing the smooth to-
pological boundary, an indicator termed topological boundary error is 
defined as the ratio of the number of the intermediate elements that are 
not along the boundary to the total number of elements. The topological 




where Nv is the number of intermediate elements that are not along 
boundaries, M is the total number of elements, and ϵ is the tolerance 
Fig. 9. Optimized topology with element numbers.  
Fig. 10. Histogram of δe with passive area.  
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value for the topological boundary error. When the topological 
boundary error becomes negligible, intermediate elements are all dis-
tributed along the boundary, meaning that the level-set function ac-
curately represents the current design. 
In comparison to the Heaviside smooth function (Eq. (16)), the 
Heaviside step function (Eq. (15)) will not cause the topological 
boundary error, but it can cause numerical instabilities in SEMDOT, as 
is discussed in Section 3.1. 
2.6. Optimization procedure 
The optimization procedure of SEMDOT mainly consists of two 
parts: the implementation of structural changes based on elemental 
volume fractions and the generation of smooth topological boundaries 
based on the solid/void design of grid points. The improved and sim-
plified flowchart of SEMDOT, which is based on the flowchart pre-
sented by Fu et al. [45], is illustrated in Fig. 2. 
Fig. 11. Values of X̃e and X̃e
ewn for different elements.  
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3. Numerical experiments 
Benchmark 2D optimization problems are solved to demonstrate the 
validity of SEMDOT and exhibit the differences between SEMDOT and 
some existing algorithms: SIMP, BESO, and ETO. The prescribed value 
of the allowable volume V* is set to 0.3. For all numerical examples, an 
isotropic linear elastic material model is assumed with Young’s modulus 
of =E 1 MPa and Poisson’s ratio of =µ 0.3, and equally sized four-node 
plane-stress elements are used. Following the parametric studies in  
[46], = 0.50 and = 0.5 are employed in the Heaviside smooth 
function (Eq. (16)), and the penalty coefficient of =p 1.5 is used in 
SEMDOT. The tolerance values of = 0.001 and = 0.001 are used in 
the convergence criteria. Following the parametric studies in [44], a 
grid with 10 × 10 points in each element is used. Unless otherwise 
stated, the heuristic filter radius Υmin is set to 1 time element width 
(Υmin=1). In addition, the method of moving asymptotes (MMA) pro-
posed by Svanberg [71] is used to update design variables, and default 
parameters in MMA are adopted. 
3.1. Comparisons between Heaviside step and smooth functions 
A simply supported deep beam subjected to a unit vertical load 
( =F 1N) at its bottom center is considered to investigate the influ-
ences of the Heaviside step and smooth functions on the topological 
design, performance, and convergency of SEMDOT. The design domain 
and boundary condition are shown in Fig. 3. The bottom left corner is 
hinged, and the vertical displacement at the bottom right corner is 
prevented. A 180 × 90 mesh is used, and the filter radius rmin is set to 2 
time elements width (rmin=2). 
The convergence history in Fig. 4a shows that great fluctuations 
appear in the initial 20 iterations when the Heaviside step function is 
used. These fluctuations are associated with scattered material resulting 
Fig. 12. Histogram of δe without passive area.  
Fig. 13. Design domain of half an MBB beam.  
Fig. 14. Compliance and number of iterations for different values of rmin and Υmin solving MBB beam case.  
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Fig. 15. Optimized topologies with different combinations of rmin and Υmin for MBB beam case.  
Fig. 16. Compliance, convergence, and topological designs under large values of rmin and Υmin=1.  
Fig. 17. Force inverter design problem.  
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in complicated topologies (Fig. 4b and c), meaning that the Heaviside 
step function has the difficulty in extracting topological boundaries at 
the early stages of optimization. Afterwards, the optimization process 
steadily converges at 21.3875 J after 167 iterations and later topologies 
are reasonable (Fig. 4d to g). Compared to the Heaviside step function, 
the Heaviside smooth function does not cause any numerical in-
stabilities, and therefore the whole optimization process steadily con-
verges at 21.1049 J after 142 iterations (Fig. 5a). As shown in Fig. 5a, 
the topological boundary error gradually decreases to almost 0% when 
the converged topology is obtained. Two different final topologies ob-
tained by Heaviside step and smooth functions are shown in Figs. 4g 
and 5b, respectively. In this case, the Heaviside smooth function per-
forms better than the Heaviside step function both in compliance and 
convergence. 
In some engineering problems, certain areas of the design domain 
are required to be void (non-design areas) during the whole optimiza-
tion process. Another version of this problem with a non-designable 
circular hole with a radius of L/6 and a center located at (L/2, L/4) as 
illustrated in Fig. 6 is used to further test the performance of Heaviside 
step and smooth functions in SEMDOT. All parameter settings remain 
unchanged. 
Fig. 7 a shows that SEMDOT using the Heaviside step function 
converges after 148 iterations, which is a little less than when the 
Heaviside smooth function is used (157). However, like the previous 
case, great fluctuations appear at the early stages of optimization when 
the Heaviside step function is used. Converged compliance is 23.6741 J 
for the Heaviside step function and 23.7306 J for the Heaviside smooth 
function, so the difference is negligible (around 0.2%). In this case, the 
Heaviside step function performs a little better than the Heaviside 
smooth function in compliance and convergence. However, the asym-
metric topology obtained by the Heaviside step function has several 
tiny holes and one thin bar shown by a red circle in Fig. 7b. This design 
cannot be easily manufactured even with AM [43]. By contrast, the 
symmetric topology obtained by the Heaviside smooth function has 
better manufacturability (Fig. 7c). 
Considering the symmetry condition in the case shown in Fig. 6, 
comparisons of performance, convergency, and topological designs 
between Heaviside step and smooth functions are shown in Fig. 8. 
Identical to the previous discussion, the Heaviside smooth function 
needs a longer convergence process (157) than the Heaviside step 
function (138). Converged performance of the Heaviside smooth func-
tion (23.686 J) is slightly better than the Heaviside step function 
(23.772 J). In both cases, the performance changes before and after 
imposing symmetry are insignificant. In terms of topological designs, a 
clear difference can be observed between Figs. 7b and 8b, but Figs. 7c 
and 8c are almost identical. Therefore, it can be concluded that the 
Heaviside step function is more susceptible to the non-designable pas-
sive area compared to the Heaviside smooth function in SEMDOT. The 
asymmetric topology obtained by the Heaviside step function (Fig. 7b) 
is because of the disturbance caused by the non-designable passive area 
during the determination of the topological boundary. 
Based on the above discussions, it is concluded that the Heaviside 
smooth function is more suitable than the Heaviside step function for 
SEMDOT despite requiring an additional termination criterion 
(Eq. (22)). Therefore, the Heaviside smooth function will be used for 
the rest of numerical experiments in this paper rather than the Heavi-
side step function. 
3.2. Deviation of filtered elemental volume fractions 
Following Section 3.1, a coarse mesh of 20 × 20 is used for the 
simply supported deep beam case considering both the passive area and 
symmetry condition to demonstrate the relationship between X̃e and 
X̃e
ewn (Eq. (19)). In this case, the filter radius rmin is set to 1.5 time 
elements width (rmin=1.5). The optimized topology with element 
numbers is shown in Fig. 9. The histogram of the difference between X̃e
and X̃e
ewn (δe) for the final topology is shown in Fig. 10, which reveals 
Fig. 18. Convergence process and optimized topology for force inverter design case.  
Fig. 19. Design domain of a deep cantilever beam.  
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Fig. 20. Comparisons of performance, convergency, and topological designs between different algorithms for deep cantilever beam case.  
Table 1 
Effects of mesh size on compliance obtained by different algorithms solving deep cantilever beam case.          
Algorithms Mesh size 
60 × 40 90 × 60 120 × 80 180 × 120 210 × 140 240 × 160 270 × 180  
SEMDOT 51.0698 50.9852 50.9763 51.2065 51.2797 51.3474 51.3796 
SEMDOT-S 51.0698 50.9200 50.9716 51.3621 51.5000 51.5254 51.6761 
SIMP-D 65.6168 59.8601 59.0882 59.7609 60.1124 60.1080 60.2780 
SIMP-H 61.9331 52.6167 205.9870 54.1442 53.4234 65.8000 64.4706 
BESO 55.0152 52.7312 51.8462 51.2688 51.2836 51.3759 51.2489 
ETO 49.6404 49.2007 49.6575 49.8537 49.9187 50.0130 50.0750    
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that the deviation δe mainly concentrates on the range from -0.2 to 0.2, 
and there is no difference between X̃e and X̃e
ewn for the majority of 
elements (δe=0). 
To explain the relationship between X̃e and X̃e
ewn in each iteration, 
values of X̃e and X̃e
ewn for elements 16, 79, 195, 202, 247, and 360 are 
shown in Fig. 11. The biggest difference (δe=-0.8142 in the final 
iteration) appears in element 16, as illustrated in Fig. 11a. Even though 
element 16 has a relatively high value of X̃e during the optimization 
process, its X̃e
ewn goes down to 0.001. This is because element 16 is in 
the passive area, meaning that it needs to be artificially suppressed to 
the void element. For the rest of elements that are not in the passive 
area, X̃e
ewn is approximately proportional to X̃ ,e as illustrated in  
Fig. 11b–f. The function of Eq. (9) is to filter elemental volume fractions 
Xe without considering the target volume constraint, so there is 
= X V˜ /e
M
e1 = 0.3125 > V*/V in the final iteration. Therefore, the use of 
X̃e for the next round of FEA will result in the overestimation of 
structural performance at least in this case. By contrast, X̃e
ewn is calcu-
lated from the newly obtained grid point densities that are determined 
based on the target volume constraint (refer to Eqs. (16) and 18), so 





n =0.3= V V*/ can be guaranteed iteratively. 
When the passive area is not considered in the test case, there is no 
big deviation such as the one observed in element 16 (Fig. 11a), and the 
deviation δe mainly falls in the range of -0.2 to 0.2 (Fig. 12). 
3.3. Effects of multiple filtering steps 
Two combinations of filter radii (i.e., =r 3,min = 3min and =r 3,min
= 1min ) were used in authors’ previous works [43–46]. Other than 
those two combinations, different combinations of filter radii can also 
be considered in optimizing topologies with SEMDOT, which provides 
more design freedom for designers. The so-called MesserschmidtBȵlk-
owBlohm (MBB) beam is used here to demonstrate the effects of the two 
filter radii, rmin and Υmin, on performance, convergency, and topolo-
gical designs. The design domain and boundary conditions are shown in  
Fig. 13. Only half of the MBB beam is considered as the design domain 
due to symmetry. As illustrated in Fig. 13, the symmetric boundary 
condition is applied to the left side; the vertical displacement at the 
bottom right corner is restricted; and a unit vertical load (F=-1 N) is 
applied at the top left corner. The design domain is discretized by a 
150 × 50 finite element mesh. 
Fig. 14 a shows that the highest compliance (287.2474 J) is ob-
tained when the combination of =r 1min and = 2.8min is used. This 
drops to 283.7538 J when the combination of =r 2.8min and = 1min is 
used, meaning that Υmin will cause worse results than rmin. Generally, 
increasing either rmin or Υmin can contribute to the rise of compliance, 
and then a relatively stable value can be reached when either rmin or 
Υmin is large enough. Fig. 14b shows that using high values of Υmin will 
prolong the convergence process more than using high values of rmin, 
and the highest number of iterations (378) is obtained when =r 2.6min
and = 3min . 
Topological designs with different combinations of rmin and Υmin are 
shown in Fig. 15. Length scales representing rmin and Υmin are added 
into Fig. 15 as reference. Increasing either rmin or Υmin results in simpler 
topologies with less holes. Small holes vanish when the combination of 
=r 3min and = 3min is used, which is beneficial to the manufactur-
ability of optimized topologies. Fig. 16 shows the compliance, con-
vergence, and topological designs under large values of rmin and 
Υmin=1. As topological designs from =r 3.5min have the similar struc-
tural layout with no small holes, only the topology at =r 3.5min and 
Υmin=1 is given in Fig. 16 for simplicity. Compliance and the number 
of iterations of the combination of =r 3.5min and = 1min are 284.3535 
J and 274, respectively, which are close to those of the combination of 
=r 3min and = 3min (284.2814 J and 290, respectively). There is an 
overall tendency for compliance to increase with rmin (Fig. 16). When 
rmin reaches 3.9 and 4, large numbers of iterations (627 and 606, re-
spectively) are required to reach convergence, as shown in Fig. 16. 
Even though Eq. (9) is basically used for filtering elemental volume 
fractions in SEMDOT, and the main function of Eq. (12) is to assign 
elemental volume fractions to grid points, different combinations of rmin 
and Υmin can also be considered in SEMDOT to explore different to-
pological designs with better performance, quick convergence, or both. 
Generally, the fixed value of Υmin=1 is recommended for the con-
venience of implementation. 
Table 2 
Effects of mesh size on number of iterations obtained by different algorithms solving deep cantilever beam case.          
Algorithms Mesh size 
60 × 40 90 × 60 120 × 80 180 × 120 210 × 140 240 × 160 270 × 180  
SEMDOT 128 93 104 138 158 179 197 
SEMDOT-S 128 79 165 132 152 173 196 
SIMP-D 36 98 102 215 300 300 300 
SIMP-H 130 199 198 277 256 300 300 
BESO 70 70 69 81 70 70 70 
ETO 78 99 97 86 93 94 99    
Table 3 
Effects of domain aspect ratio on compliance obtained by different algorithms 
solving deep cantilever beam case.        
Algorithms Domain aspect ratio 
0.5:1 1:1 2:1 2.5:1 3:1  
SEMDOT 7.8023 22.0224 94.7833 159.2461 248.6884 
SEMDOT-S 7.7981 21.9979 95.0301 159.1104 250.2365 
SIMP-D 8.7245 25.7240 108.7384 187.2112 292.0282 
SIMP-H 7.9776 23.1224 98.0371 302.8705 260.9999 
BESO 7.8691 22.9724 98.6805 168.8078 259.6505 
ETO 7.7621 21.7892 94.7019 159.2034 246.9935    
Table 4 
Effects of domain aspect ratio on number of iterations obtained by different 
algorithms solving deep cantilever beam case.        
Algorithms Domain aspect ratio 
0.5:1 1:1 2:1 2.5:1 3:1  
SEMDOT 91 158 125 126 110 
SEMDOT-S 66 88 112 84 91 
SIMP-D 35 93 135 160 144 
SIMP-H 207 206 208 257 225 
BESO 69 70 74 64 86 
ETO 75 95 98 171 180    




Comparisons of topologies with different domain aspect ratios between SEMDOT and SEMDOT-S for deep cantilever beam case.     
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Fig. 21. Design domain of an L-bracket beam.  
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Fig. 22. Comparisons of performance, convergency, and topological designs between different algorithms for L-bracket beam.  
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3.4. Validation of sensitivity analysis method 
To further validate the effectiveness of the sensitivity analysis 
method (Eq. (5)), one typical compliant mechanism design problem 
(Fig. 17) is considered. The input force Fin is set to 1 N, and input (kin) 
and output (kout) spring stiffnesses are set to 1 and 0.001, respectively. 
The design domain is discretized by a 80 × 40 finite element mesh, and 
the filter radius rmin is set to 2 time elements width (rmin=2). 
The optimization process converges at the output displacement of 
1.0197 mm after 116 iterations (Fig. 18a), and the correct topological 
design is obtained by SEMDOT (Fig. 18b). Based on the results in  
Fig. 18, it can be concluded that the sensitivity analysis method adopted 
in SEMDOT is suitable for compliant mechanism design, which is more 
challenging than compliance minimization design. The effectiveness of 
the sensitivity analysis method in SEMDOT is therefore proved. 
3.5. Numerical comparisons 
Cantilever beam and L-bracket beam test cases are used to thor-
oughly compare SEMDOT with some well-established element-based 
algorithms in the ability of seeking the optimal solution and con-
vergency. Only methods with published source codes (i.e., SIMP [72], 
BESO [73], and ETO [13]) are selected in this comparison, together 
with SEMDOT with the single filtering step (Eq. (12)). In terms of SIMP, 
two typical filters: the density filter [62,74,75] and the Heaviside 
projection filter [64] are considered. In the Heaviside projection filter, 
the parameter controlling the smoothness of the approximation is gra-
dually increased from 1 to 128 by doubling its value every 25 iterations 
or when the change between two consecutive designs is less than 0.01. 
For simplicity, SIMP-D and SIMP-H are used to represent SIMP with 
density and Heaviside projection filters, respectively, in graph legends 
and captions. In addition, SEMDOT-S is used to represent SEMDOT with 
the sole heuristic filter in graph legends and captions. The penalty 
coefficient of 1.5 is used in SEMDOT, SEMDOT-S, and ETO, and the 
penalty coefficient of 3 is used in SIMP and BESO. For BESO and ETO, 
the evolution rate er is set to 2%. In addition, the maximum number of 
iterations is set to 300 for all methods. 
The design domain and boundary condition of a deep cantilever 
beam are shown in Fig. 19. The left side is fixed and a unit vertical load 
( =F 1N) is imposed at the center point of the right side. The design 
domain of this beam is discretized by a 150 × 100 finite element mesh. 
The filter radius rmin is set to 2.5 time elements width (rmin=2.5). 
Fig. 20 a shows that the best compliance (49.6856 J) is obtained by 
ETO, followed by 51.1240 J obtained by SEMDOT. The optimization 
process of ETO converges after 95 iterations, which is less than that of 
SEMDOT (123 iterations). SEMDOT-S converges at the compliance of 
51.1558 J after 124 iterations, which is almost identical to SEMDOT, 
whereas two different topological designs are obtained (Fig. 20b and c). 
Even though both SEMDOT and ETO are based on elemental volume 
fractions, optimized topologies (Fig. 20b and g) are different. The to-
pological design obtained by SEMDOT is similar to those obtained by 
SIMP (Fig. 20d and e), and the topological design obtained by ETO is 
similar to that of BESO (Fig. 20f). In this case, ETO is superior to 
SEMDOT in performance and convergence. The worst compliance 
(60.0841 J) is obtained by SIMP with the density filter. This is because 
intermediate elements are allowed to distribute across the whole design 
domain, and intermediate elements result in smaller improvement of 
stiffness per density due to the use of penalty factor. BESO converges at 
the compliance of 51.7538 J after 69 iterations, which is better than 
SIMP with the Heaviside projection filter with C=53.3355 J after 204 
iterations. 
Effects of different mesh sizes and domain aspect ratios are con-
sidered to provide statisticalcomparisons. As the element size is scaled 
with a certain ratio for test cases with different mesh sizes, the filter 
radius is scaled with the same ratio to ensure that its absolute value 
remains constant. Table 1 demonstrates that performance obtained by 
ETO is still the best for different mesh sizes. Performance obtained by 
SEMDOT-S is the second best for the mesh sizes ranging from 60 × 40 
to 120 × 80, and performance obtained by SEMDOT is the second best 
for the mesh sizes ranging from 180 × 120 to 270 × 180. Table 2 
demonstrates that BESO converges the fastest for different mesh sizes, 
followed by ETO. SEMDOT-S performs better than SEMDOT in terms of 
convergency. Both SIMP-D and SIMP-H face the convergence difficulty 
when the fine mesh is used. 
In terms of different domain aspect ratios, the number of elements 
in the vertical direction is fixed at 60, and the filter radius rmin is set to 
1.5 time elements width (rmin=1.5). Table 3 demonstrates that ETO 
obtains better performance than both SEMDOT and SEMDOT-S. Per-
formance obtained by SEMDOT-S is the second best for the domain 
aspect ratios of 0.5:1, 1:1, and 2.5:1, and performance obtained by 
SEMDOT is the second best for the domain aspect ratios of 2:1 and 3:1.  
Table 4 demonstrates that SEMDOT converges faster than ETO for the 
domain aspect ratios of 2.5:1 and 3:1, and SEMDOT-S converges faster 
than ETO for the domain aspect ratios of 0.5:1, 1:1, 2.5:1, and 3:1. 
Even though SEMDOT-S performs better than SEMDOT for some test 
cases, it cannot be concluded that the use of multiple filtering step is not 
needed. This is because the rationality of obtained topologies is also an 
important assessment criteria. Table 5 gives the comparisons of topo-
logical designs obtained by SEMDOT and SEMDOT-S for deep cantilever 
beam cases considering different domain aspect ratios. The topological 
boundary obtained by SEMDOT is smoother than SEMDOT-S for the test 
case with the domain aspect ratio of 1:1. SEMDOT-S forms tiny holes 
Table 6 
Effects of mesh size on compliance obtained by different algorithms solving L- 
bracket beam case.        
Algorithms Mesh size 
L=150 L=200 L=250 L=300 L=350  
SEMDOT 225.8848 225.4980 229.3275 228.3329 229.5550 
SEMDOT-S 225.9183 232.6018 229.7667 231.2625 229.9703 
SIMP-D 289.0603 281.0499 286.5398 285.2692 286.9609 
SIMP-H 256.3416 255.9985 261.8570 267.4361 263.0003 
BESO 257.7212 257.4816 256.4764 254.6842 253.9468 
ETO 245.8689 247.1456 248.7580 248.4174 249.1365 
Table 7 
Effects of mesh size on number of iterations obtained by different algorithms 
solving L-bracket beam case.        
Algorithms Mesh size 
L=150 L=200 L=250 L=300 L=350  
SEMDOT 169 245 198 211 224 
SEMDOT-S 204 282 208 300 208 
SIMP-D 300 300 300 300 300 
SIMP-H 248 205 212 300 300 
BESO 68 69 70 74 72 
ETO 86 81 119 82 85    
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when the domain aspect ratio is 2:1 and discontinuous structures when 
the domain aspect ratio is 2.5:1. By contrast, SEMDOT does not gen-
erate such structural features. 
The second test case is an L-bracket, for which the design domain 
and boundary condition are shown in Fig. 21. Here L is set to 400 
element width. The top edge is fixed, and a unit vertical load ( =F 1N) 
is applied at the top corner of the right side. The filter radius rmin is set 
to 4 time elements width (rmin=4). 
In this example, the best compliance (228.9422 J) is obtained by 
SEMDOT, followed by 232.9864 J obtained by SEMDOT-S (Fig. 22a). 
The optimization process of ETO converges at the compliance of 
249.2654 J after 79 iterations where its number of iterations is still less 
than those of SEMDOT (181 iterations) and SEMDOT-S (243 iterations). 
Both SIMP algorithms face difficulties in convergence when the fine 
mesh is used, so optimization processes terminate after reaching the 
preset maximum number of iterations (300). By contrast, optimization 
processes of SEMDOT, SEMDOT-S, BESO, and ETO converge within 250 
iterations. Interestingly, as is evident from Fig. 22a, numerical in-
stabilities occur in the initial 10 iterations of the optimization processes 
of SEMDOT and SEMDOT-S despite using the Heaviside smooth func-
tion. This is because of the joint effects of the non-designable passive 
area and specific load and boundary conditions. Afterwards, the opti-
mization process quickly settles to a steady pass. Unlike SEMDOT and 
SIMP (Fig. 22yesb, d, and e), SEMDOT-S, BESO, and ETO are prone to 
resulting in topological designs with thin features (Fig. 22c, f, and g), 
which are not preferred from the manufacturing point of view despite 
using the same value for the filter radius. 
Effects of different mesh sizes and domain aspect ratios are also 
investigated for the L-bracket beam case. Table 6 demonstrates that 
performance obtained by SEMDOT is the best for the majority of test 
cases with different mesh sizes, followed by SEMDOT-S. ETO ranks the 
Table 8 
Comparisons of topologies with different mesh sizes between SEMDOT and 
SEMDOT-S for L-bracket beam case.     
Mesh size Algorithms 







Effects of domain aspect ratio on compliance obtained by different algorithms solving L-bracket beam case.         
Algorithms Domain aspect ratio 
0.5:1 0.75:1 1.25:1 1.5:1 1.75:1 2:1  
SEMDOT 254.4356 229.8695 245.7824 285.4968 314.0988 358.8990 
SEMDOT-S 256.0683 232.1893 243.5014 285.5149 318.7357 360.8157 
SIMP-D 297.6136 281.7546 317.8464 372.5226 449.1221 542.3667 
SIMP-H 282.6777 322.5282 288.8244 355.5204 454.8071 498.2979 
BESO 278.3044 253.3296 284.5204 335.2234 401.4278 490.0256 
ETO 269.4174 244.8819 276.9958 321.1281 387.5802 476.9035    
Table 10 
Effects of domain aspect ratio on number of iterations obtained by different 
algorithms solving L-bracket beam case.         
Algorithms Domain aspect ratio 
0.5:1 0.75:1 1.25:1 1.5:1 1.75:1 2:1  
SEMDOT 104 202 293 116 138 113 
SEMDOT-S 128 300 192 148 130 122 
SIMP-D 300 300 300 300 300 300 
SIMP-H 181 234 213 201 214 230 
BESO 71 68 78 77 78 68 
ETO 97 90 218 89 98 90    
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third position in terms of performance. Table 7 demonstrates that BESO 
converges the fastest for different mesh sizes, followed by ETO. 
SEMDOT performs better than SEMDOT-S in the aspect of convergency 
for most of cases. 
To further demonstrate the difference between SEMDOT and 
SEMDOT-S, topological designs obtained by SEMDOT and SEMDOT-S 
for the test cases considering different mesh sizes are listed in Table 8. 
Similar with the cantilever beam case, SEMDOT-S forms thin features 
when mesh sizes are L=250 and L=300, and discontinuous structures 
when mesh sizes are L=150 and L=350. The mentioned structural 
features are not observed in the topological designs obtained by 
SEMDOT. 
In terms of different domain aspect ratios, the number of elements 
in the vertical direction is fixed at 200, and the filter radius rmin is set to 
2 time elements width (rmin=2). Table 9 demonstrates that perfor-
mance obtained by SEMDOT and SEMDOT-S is better than ETO, and 
SEMDOT generally obtains better or comparable performance com-
pared to SEMDOT-S. Table 10 demonstrates that SEMDOT performs 
better than SEMDOT-S in terms of convergency for most of test cases, 
and BESO and ETO generally converge faster than other algorithms. 
Although BESO shows the fastest convergency in these two test 
cases, this may be because of the premature termination mentioned in  
Section 2.5, and the same issue seems to occur in ETO because of using 
the same termination criterion. Otherwise, BESO and ETO could have 
the potential to obtain better performance. ETO converges slower than 
BESO as it uses elemental volume fractions in the FEA model instead of 
elemental densities. On the contrary, SEMDOT converges faster than 
SIMP because of distributing intermediate elements only along 
boundaries and introducing new termination criteria (Eqs. (21) and  
(22)). Based on the above discussion, SEMDOT-S easily obtains thin 
features and discontinuous structures, and performance obtained by 
SEMDOT-S is generally worse than SEMDOT for test cases with the fine 
mesh (refer to Tables 1, 3, 6, and 9). Therefore, it can be concluded that 
the use of multiple filtering steps is more suitable than single filtering 
step in SEMDOT. 
4. Conclusions 
This paper explains the algorithm mechanism of SEMDOT using 
several numerical examples. Performance of SEMDOT is demonstrated 
through numerical comparisons with a range of well-established ele-
ment-based algorithms. Concluding remarks can be stated as follows:  
• The Heaviside smooth function is more suitable than the Heaviside 
step function for SEMDOT to obtain a more robust algorithm.  
• The use of multiple filtering steps enhances the flexibility of 
SEMDOT in exploring better performance and different topological 
designs, and the use of multiple filtering step is more suitable for 
SEMDOT than the single filtering step.  
• The sensitivity analysis strategy adopted in SEMDOT is effective.  
• Even though SEMDOT is developed based on the SIMP framework, 
its convergency is stronger than standard SIMP because of its im-
proved termination criteria.  
• SEMDOT is capable of obtaining topological designs comparable or 
better than standard element-based algorithms such as SIMP and 
BESO or the newly developed ETO. 
Even though this paper shows some benefits of SEMDOT, it should 
be acknowledged that when the same number of elements is used, the 
computational cost of SEMDOT would be higher than that of SIMP 
because of having to deal with extra grid points. It also should be ac-
knowledged that SEMDOT is not a pioneering algorithm like SIMP, 
BESO, level-set method, MMC-based method, and using the floating 
projection. Instead, SEMDOT is an easy-to-use, flexible, and efficient 
optimization platform, which can be easily integrated with some ex-
isting approaches and solutions, particularly the ones developed for 
SIMP. 
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Appendix. Matlab Code of SEMDOT 
The 2D code of SEMDOT was written based on the Matlab codes presented by Andreassen et al. [72] and Huang and Xie [73]. To use the MMA 
optimizer, two additional files: mmasub.m and subsolv.m, which can be obtained by contacting Prof. Krister Svanberg from KTH in Stockholm 
Sweden, are needed. The implementation of SEMDOT is not limited to the code provided here. The code should be regarded as a reference, and 
therefore the readers are encouraged to improve the code based on the idea of SEMDOT. In addition, the 2D Matlab code of SEMDOT can be easily 
extended to a 3D version based on the 169 line code presented by Liu and Tovar [76]. 
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C H A P T E R 4
Smooth Design of 3D Structures
Chapter 3 demonstrated the optimisation mechanism of a newly developed
element-based algorithm, named SEMDOT, in-depth. Rigorous comparisons
of performace, convergency, and resultant topological design were made be-
tween SEMDOT and well-established algorithms such as SIMP, BESO, and
ETO. However, numerical experiments were only implemented using 2D
benchmark cases, and parametric investigations on SEMDOT have not been
thoroughly conducted. Numerical investigations on 3D cases are necessary to
show the real potential of SEMDOT for future engineering applications, and
parametric studies are important in terms of identifying the proper ranges
of input variables.
This chapter presents the 3D version of SEMDOT and thoroughly inves-
tigates the influences of parameters (i.e., parameters in the Heaviside smooth
function, the number of grid points, mesh size, and penalty coefficient) on
performance, computational efficiency, and topological designs to determine
the proper ranges of the parameters in SEMDOT. The numerical results con-
firm the robustness of SEMDOT. It is also shown that very small penalty
coefficients can be used to obtain clear and convergent topologies, meaning
that the optimisation problem is much closer to a convex problem compared
71
72
to methods like SIMP where higher penalty factors need to be used. Fur-
thermore, the integration of SEMDOT with the continuation method on
the penalty coefficient is able to obtain better solutions (lower compliance
and total number of iterations) than using a constant penalty coefficient.
When compared with a well-established topology optimisation framework,
like TopOpt in PETSc, the 3D SEMDOT algorithm can produce similar re-
sults with better convergence. Finally, the significance of SEMDOT in engi-
neering applications is discussed through printing some general 3D topologies
(without the consideration of self-supporting design) using FDM.
This chapter answers research question [Q1]. In the following chapter, the
ability of SEMDOT in integrating with an existing AM filter (Langelaar’s
gradient-based AM filter) for the purpose of forming smooth self-supporting
designs will be presented, and the corresponding experimental validation will
be conducted using FDM and SLM.
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a b s t r a c t
Topology optimization has emerged as a powerful tool for generating innovative designs. However, sev-
eral topology optimization algorithms are finite element (FE) based where mesh-dependent zigzag or
blurry boundaries are rarely avoidable. This paper presents a continuum topological design algorithm
capable of obtaining smooth 3D topologies based on elemental volume fractions. Parametric studies
are thoroughly conducted to determine the proper ranges of the parameters in the proposed algorithm.
The numerical results confirm the robustness of the proposed algorithm. Furthermore, it is shown that
very small penalty coefficients can be used to obtain clear and convergent topologies. The effectiveness
of the proposed algorithm is further proven via numerical comparison with a well-established topology
optimization framework. Because of the smooth boundary representation, optimized topologies are suit-
able for additive manufacturing (AM) without redesign or post-processing.
 2020 Elsevier Ltd. All rights reserved.
1. Introduction
Topology optimization of continuum structures aims to obtain
the optimal material layout within a design domain for a given
set of loads and boundary conditions and performance require-
ments. Topology optimization algorithms for continuum structures
have been extensively investigated since the pioneering paper by
Bendsøe and Kikuchi [1]. Several representative optimization
methods, for example, the solid isotropic material with penaliza-
tion (SIMP) [2–4], rational material with penalization (RAMP) [5],
evolutionary structural optimization (ESO) [6], bi-directional evo-
lutionary structural optimization (BESO) [7–10], level-set method
[11–13], and moving morphable components (MMCs)-based
method [14–18] have been developed during the past few decades.
These topology optimization algorithms have been successfully
used in a wide range of engineering problems from nanophotonics
design [19] to structural design for aircraft and aerospace [20–22],
showing their ability in light-weight and performance design.
In density-based topology optimization algorithms such as
SIMP, ESO, and BESO, the design domain is discretized into a range
of elements, and then material densities inside these elements are
defined as design variables. The density of one indicates the
presence of material, while zero indicates an absence of material.
Hence, density-based algorithms will inevitably generate zigzag
(discrete methods such as ESO and BESO) or both zigzag and blurry
boundaries (continuum methods such as SIMP and RAMP) because
of their element-based nature. Therefore, shape optimization or
post-processing methods need to be employed to smooth topolog-
ical boundaries after topology optimization [23–25]. This means
extra computational efforts have to be made. Although increasing
the number of elements is a straightforward way to smooth topo-
logical boundaries, this will naturally make the problem computa-
tionally expensive. By contrast, original level-set and MMCs-based
methods have the innate ability to form smooth and clear bound-
aries, which is their distinct advantage. However, solutions
obtained by level-set methods are highly dependent on the initial
guess design and regularization technique, and their convergence
highly relies on mesh discretization and regularization [26]. In
the case of MMCs-based methods, local non-smooth points appear
at the intersection parts of components even when using compli-
cated shapes to obtain clear and smooth boundaries [16,17].
Given the significance of the boundary representation in struc-
tural topology optimization, the development of element-based
algorithms capable of generating smooth boundaries has attracted
scholars’ attention. The early works pursuing smooth boundaries
were mainly based on adaptive techniques. Maute and Ramm
[27,28] proposed a method that adapts the effective design space
of each design cycle using cubic or Bézier splines, and void areas
https://doi.org/10.1016/j.compstruc.2020.106213
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were ignored during the optimization process. In doing so, the pro-
posed method cannot only obtain smooth topological designs but
reduce the number of design variables. Applications of the pro-
posed adaptive method to the topological design of shell and
elastoplastic structures were presented by Maute and Ramm [29]
and Maute et al. [30]. Taking advantage of the fixed-grid and
level-set or iso-line design methods have been widely used to
implement smooth topological design. Abdi et al. [31] integrated
the extended finite element method (X-FEM) and iso-line design
method into an evolutionary optimization algorithm to generate
smooth boundaries. Liu et al. [32] presented a fixed-grid-based
(FG) BESO method to provide smooth structural boundaries for
the topological design of underground tunnels. Victoria et al.
[33–35] developed an isolines topology design (ITD) algorithm
for 2D and 3D continuum structures based on extended ESO
(XESO) and the fixed-grid FEA method of analysis. Da et al. [36]
proposed an evolutionary topology optimization (ETO) with the
smooth boundary representation based on a nodal sensitivity-
based level-set function (LSF). Chen et al. [37] developed a new
ETO algorithm that evolves smooth boundaries based on the
solid/void design of the grid points that are assigned to each ele-
ment, and then the 3D version of ETO was presented by Li et al.
[38]. Liu et al. [39] extended the ETO algorithm to conduct the
smooth design of topology optimization for stress minimization
using the similar strategy proposed by Chen et al. [37] and Li
et al. [38]. Instead of the fixed-grid method, Martínez-Frutos and
Herrero-Pérez [40] presented an evolutionary algorithm for robust
topology optimization (RTO) capable of generating smooth bound-
aries using an adaptive anisotropic sparse grid method and the iso-
value of the optimality criterion field. Other than the above smooth
boundary representation strategies, Ullah et al. [41,42] integrated
the boundary element method (BEM), BESO, level-set method,
and non-uniform rational B-splines (NURBS) to obtain topologies
with smooth boundaries. Very recently, Wang et al.[43] combined
the game of building blocks and BESO to develop a new algorithm
that is able to form smooth topological boundaries using the
pseudo-auxiliary line. Although the smooth design of evolutionary
topology optimization had been extensively discussed and studied,
these works have focused on use of discrete design elements and
only few works looked at smooth boundary representation based
on continuous design variables despite the fact that the most
widely used topology optimization methods are using continuous
design variables. Even though Xiao et al. [44] combined SIMP and
discrete level-set method to develop a new hybrid algorithm, it still
cannot solve the boundary issue, so the support vector machine
(SVM) was utilized as the post-processing tool to obtain smooth
boundaries. Very recently, Wang et al. [45] developed an adaptive
mesh-adjustment method based on SIMP to describe irregular
topological boundaries with isoparametric elements. However, zig-
zag and blurry boundaries still existed in the optimized designs, so
it can be only concluded that the smoothness of topological bound-
aries was limitedly improved. In addition to the smooth design of
topology optimization discussed above, Nguyen et al. [46] pro-
posed the multiresolution topology optimization (MTOP) algo-
rithm capable of obtaining high resolution (smooth) designs
using three different meshes: the displacement mesh, density
mesh, and design variable mesh. In their algorithm, a coarser dis-
cretization was used for finite elements, and finer discretization
was employed for density elements and design variables. As
topologies are determined based on the fine density element mesh,
high resolution or smooth designs can be obtained. Since then, a
number of improved MTOP algorithms have been proposed by
Ngyen et al. [47,48], Parvizian et al. [49], Wang et al. [50], and
Groen et al. [51]. However, Gupta et al. [52] pointed out that QR-
patterns (disconnected material distributions) are still the most
challenging issue that needs to be eliminated for MTOP, and the
significantly high complexity of MTOP algorithms restricts their
attractiveness to students and scholars.
The authors have recently proposed a continuum topology
optimization algorithm based on the previous ETO work proposed
by Da et al. [36], Chen et al. [37], and Liu et al. [39], where the
zigzag and blurry boundary issue was fully solved [53–55]. In
addition, the application of the developed algorithm to the self-
supporting design for AM was implemented, showing its good
convergency [53,54]. However, these previous works mainly con-
centrated on 2D topology optimization cases, and parametric
studies on the proposed method itself have not been thoroughly
discussed. This paper extends the previous algorithm to 3D to
provide a real potential for future engineering applications. Com-
pared to the previous version, the topological boundary error that
evaluates the accuracy of the smooth boundaries represented by
the level-set method was introduced as another termination cri-
terion. Effects of parameters on performance, convergence speed,
computational cost, and final topologies were comprehensively
investigated through several benchmark problems. In addition,
the proposed algorithm was compared with a well-established
topology optimization framework-(TopOpt) using a simple
numerical example.
The remainder of this paper is structured as follows. Section 2
explains the 3D framework of the proposed method. Section 3 con-
ducts thorough parametric studies on the proposed algorithm,
combines the developed algorithm and the continuation approach,
and presents the results of the numerical comparison. Section 4
exhibits the strength of the proposed method in designing print-
ready products for AM. Finally, conclusions are summarized in
Section 5.
2. Formulation
2.1. Problem statements and sensitivity analysis
To solve the zigzag and blurry boundary issue in standard
element-based topology optimization algorithms, each Finite Ele-
ment (FE) is evenly discretized into N grid points, and the evolution
of smooth boundaries is based on the solid/void design of grid
points, as illustrated in Fig. 1. As shown in Fig. 1, the density of
the gth grid point in the eth element qe;g is assigned 1 to represent
a solid grid point or a small artificial parameter qmin (for example,
0.001) to represent a void grid point. As the number of grid points
is much more than that of elements, smooth boundaries can be
obtained. The material interpolation scheme at the grid point is






is the function of the Young’s modulus with respect
to the grid point density qe;g ; E
1 is the Young’s modulus of the solid
material, and p is the penalty coefficient.
As the density of the grid point cannot be directly involved in
Finite Element Analysis (FEA), the elemental volume fraction is





where Xe is the volume fraction of the eth element. As illustrated in
Fig. 1, Xe ¼ 1 represents a solid element with all solid grid points;
Xe ¼ qmin represents a void element with all void grid points; and
qmin < Xe < 1 represents a boundary element with both solid and
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void grid points. For solid and void elements, the densities of grid
points are uniform, so material properties can be defined as
Ee Xeð Þ ¼ qpminE1 for Xe ¼ qmin and Ee Xeð Þ ¼ E1 for Xe ¼ 1, respectively.
In contrast to solid and void elements, the densities of grid
points are not uniformly distributed over the boundary element
(refer to Fig. 1), and hence the properties have to be considered
as a combination of solid and void materials [33,36], which leads
to the non-constant values of material properties over the element
[38]. To evaluate the material properties of boundary elements, a
linear material interpolation scheme is adopted as
Ee Xeð Þ ¼ 1 Xeð ÞEe qminð Þ þ XeEe 1ð Þ
¼ 1 Xeð ÞqpminE1 þ XeE1; Xe 2 qmin;1½ 
ð3Þ
The compliance minimization problem subject to a volume con-
straint is considered in this study, which is expressed by [53,54]
min : C Xeð Þ ¼ fTu
subject to : K Xeð Þu ¼ fPM
e¼1XeVePM
e¼1Ve
 V 6 0
0 < qmin 6 Xe 6 1; e ¼ 1;2;    ;M
ð4Þ
where C is the compliance of the topological design; f and u are glo-
bal force and displacement vectors, respectively; K is the global
stiffness matrix; Ve is the volume of the eth element; V
 is the pre-
scribed value of the allowable volume; and M is the total number of
elements in the design domain.
Based on the same representation in Eq. (3), the sensitivity of
the compliance C with respect to the elemental volume fraction
Xe can be estimated by
@C
@Xe










eue; Xe 2 qmin;1½ 
ð5Þ
where ue is the displacement vector of the eth element and K
1
e is the
stiffness matrix of the solid element.
Although the optimization problem of the proposed algorithm
(Eq. (4)) is similar to that of SIMP, target solutions of the proposed
algorithm and SIMP are fundamentally different. SIMP aims to arti-
ficially suppress intermediate elements to obtain a solution with
pure solid/void elements, and therefore the penalty coefficient is
directly used on intermediate elements. By contrast, the proposed
algorithm aims to obtain a solution with intermediate elements
only along boundaries (refer to Fig. 1), and hence the penalty coef-
ficient has less effect on intermediate elements (refer to Eq. (3)).
However, the use of p > 1 still contributes to distinguishing solid
and void elements from the design domain full of intermediate ele-
ments during the optimization process (refer to Eq. (5)), which
means that the penalty coefficient is equivalently used on grid
points to facilitate the generation of binary qe;g . More details
regarding the effects of the penalty coefficient (p) on final solutions
will be presented in Sections 3.3 and 3.4.
The optimization problem in Eq. (4) is a non-linear program-
ming (NLP) problem that can be solved by optimality criterion
(OC) methods or dual sequential approximation methods, for
example, the method of of moving asymptotes (MMA) proposed
by Svanberg [56]. MMA has been a standard optimization engine
for most of topology optimization algorithms (for example, SIMP,
RAMP, and MMCs-based methods) because of its efficiency and
reliability [57,58]. Therefore, MMA was used as the optimizer in
this study.
2.2. Evolution of smooth topological boundaries
In topology optimization, there are two common numerical
instabilities: the checkerboard pattern and mesh-dependency that
will result in unacceptable results [3]. To mitigate the above
numerical problems, a range of restriction methods had been
developed, such as the filtering schemes [59–61], level-set meth-
ods [62], wavelet parameterization [63], and phase-field methods
[64]. Among these restriction methods, filter schemes are exten-
sively utilized due to their simplicity and efficiency [65]. The filter-










e is the filtered elemental volume fraction, Ne is the neigh-
borhood set of elements within the filter domain for the eth ele-
ment that is a circle centered at the centroid of the eth element
with a predefined filter radius rmin, and xel is a linear weight factor
defined as
xel ¼ max 0; rmin  D e; lð Þð Þ ð7Þ
where D e; lð Þ is the center-to-center distance of the lth element
within the filter domain to the eth element.
The key of forming smooth topological boundaries is to assign
elemental volume fractions to grid points. As converting filtered
elemental volume fractions to grid points directly requires high
computational cost, filtered elemental volume fractions are trans-
ferred to nodes first with a heuristic filter, and then the obtained
nodal densities are assigned to grid points using shape functions.
The density of the nth node can be expressed by
Fig. 1. Smooth topology, density of grid points within elements, qe;g g ¼ 1; . . . ;Nð Þ and elemental volume fraction, Xe e ¼ 1; . . . ;Mð Þ.
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where qn is the density of the nth node and xne is the weight factor
defined as
xne ¼ max 0;!min  D n; eð Þð Þ ð9Þ
where D n; eð Þ is the distance between the nth node and the center of
the eth element and !min is the heuristic filter radius, which is one
element length in this paper. It is noted that !min ¼ 1 means that
the nodal density is the average of the elemental volume fractions
of its eight neighboring elements.
In this study, 8-node linear cubes were used for all numerical
examples. For 8-node elements, the density of the grid point in
an element is expressed with the shape function as
q f;g; nð Þ ¼
X8
c¼1
Nc f;g; nð Þqcn and q f;g; nð Þ 2 q x; y; zð Þ ð10Þ
where f;g; nð Þ is the local coordinate of the grid point, qcn is the den-
sity for the cth node of the element, and Nc f;g; nð Þ is the shape
function.
To form smooth boundaries, the Heaviside smooth function is
used to implement the solid/void design for grid points, which is
qe;g ¼
tanh b Wð Þ þ tanh b  q x; y; zð Þ Wð Þ½ 
tanh b Wð Þ þ tanh b  1:0Wð Þ½  ð11Þ
where b is a scaling parameter that controls the steepness and is
updated by
bk ¼ bk1 þK ð12Þ
where the subscripts denote the iteration number and K is the evo-
lution rate for b. It is noted that Eq. (12) is a reference scheme, so
different evolutionary methods for b can also be adopted. After
obtaining the new density values at grid points, filtered elemental
volume fractions should be updated based on Eq. (2) for the next
FEA round.
Finally, smooth topological boundaries can be implicitly
extracted with the zero level-set U x; y; zð Þ ¼ 0 of the level-set func-
tion as
U x; y; zð Þ ¼
q x; y; zð Þ W > 0 for solid region
q x; y; zð Þ W ¼ 0 for boundary




where x; y; zð Þ is the global coordinate of the grid point, U x; y; zð Þ is
the level-set function for grid points, q x; y; zð Þ is the density of the
grid point at x; y; zð Þ, and W is the threshold value.
2.3. Convergence criteria
The optimization procedure terminates when both the compu-
tational and topological boundary errors are less than their pre-
scribed tolerances. The computational error is defined as the
variation of volume within two successive iterations against the
total volume, which is based on the overall variation of design vari-
ables compared to standard SIMP. The computational error conver-
gence criterion is defined as
PM





where s is the tolerance value for the computational error.
Compared to the previous work by authors [53–55], the topo-
logical boundary error was introduced to evaluate the accuracy
of the smooth boundaries represented by the level-set function.
The topological boundary error is defined as the ratio of the num-
ber of intermediate elements that are not along boundaries (Nv) to
the total number of elements (M). It is noted that an intermediate
element is not at the boundary when the maximum density of its
grid points is less than 1, and the minimum density is larger than
qmin. The zero topological boundary error means that the final
topology is accurately represented by the level-set function. That
is, intermediate elements are all along the boundary. The topolog-




where  is the tolerance value for the topological boundary error.
3. Numerical experiments
The proposed algorithm was developed in the MATLAB environ-
ment by modifying the 169 line code presented by Liu et al. [67].
Representative 3D topology optimization problems were solved
to examine the effectiveness of the presented algorithm. The toler-
ance values of  ¼ 0:001 and s ¼ 0:001 were used in the conver-
gence criteria. Default parameters in MMA were adopted in this
study. An isotropic linear elastic material model was assumed in
all numerical examples with Young’s modulus of E ¼ 1 MPa and
Poisson’s ratio of l ¼ 0:3. Unless otherwise stated, the filter radius
rmin was set to 1.5 element widths, and the penalty coefficient of
p ¼ 3 was used. All numerical experiments were implemented on
a computer with an Intel i7-7820 HQ 2.90 GHz processor.
3.1. Cantilever beam case
In the first example, a 3D cantilever beam case was presented to
demonstrate the effects of two parameters b0 and K in the Heav-
iside smooth function (Eqs. (11) and (12)) on performance, conver-
gence speed, and topological designs. The design domain and
boundary condition are shown in Fig. 2, with the left end fixed
and a unit vertical load (F ¼ 1 N) imposed in the middle of the
free end. The design domain was discretized by a 302010 finite
element mesh. The prescribed value of the allowable volume V
was set to 0.25, and a grid with 555 points in each element
was used in this case.
Effects of different combinations of b0 and K on compliance and
the number of iterations are shown in Fig. 3. Fig. 3a shows that the
compliance of different combinations is within a narrow range, and
that a large evolution rate K generally results in a worse result, for
example, the worst solution (7.062 J) was obtained when K ¼ 1
and b0 ¼ 1. Fig. 3b shows that the number of iterations is sensitive
to K and generally, the smaller the K, the lengthier the solution
process. For example, the worst solution (669) was obtained when
Fig. 2. Design domain of a 3D cantilever beam.
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K ¼ 0:1 and b0 ¼ 0:6. Compared to K; b0 has slight impact on both
compliance and the number of iterations.
Table 1 shows that different combinations of b0 and K con-
tributed to distinct topological designs, but the change in compli-
ance is slight as discussed previously. When using identical K,
different values of b0 contributed to different topological designs,
which can provide more options for designers in some specific
fields, for example, consideration of AM restrictions [68,69]. Con-
vergence histories in Table 1 show that the optimization process
settled quickly and converged to an almost constant value, show-
ing good convergency of the proposed algorithm. As there exists
a great number of intermediate elements that are not at the bound-
ary at the beginning of optimization, the topological boundary
error is up to 95%. With a rise in b (Eq. (12)), the topological
boundary error gradually declined to almost 0%, proving that the
level-set function (Eq. (13)) accurately represented smooth topo-
logical boundaries. When a small value of K is chosen, a long opti-
mization process is generally required to satisfy the topological
boundary error convergence criterion (Eq. (15)), as observed in
the cases of b0 ¼ 0:1;K ¼ 0:1 and b0 ¼ 0:6;K ¼ 0:1, which illus-
trates why K has great influence on the total number of iterations.
3.2. Cantilever beam with multiple load cases
In the second example, a 3D cantilever beam with multiple load
cases was employed to investigate the influences of the number of
grid points and mesh size on performance, convergence speed,
computational cost, and topological designs. The design domain
was fixed on the left end, and two vertical unit loads (F1 ¼ 1 N
and F2 ¼ 1 N) were applied in the middle of lower and upper edges
on the free end, respectively (Fig. 4). The prescribed value of the
allowable volume V was set to 0.2. In addition, b0 ¼ 0:5 and
K ¼ 0:5 were selected based on a compromise between the conver-
gence speed and compliance. The compliance objective functional














where ~X is the column vector form of filtered elemental volume
fractions and Nl is the number of load cases (Nl ¼ 2 in this test case).
The design domain with a 481616 finite element mesh was
used to demonstrate the effects of the number of grid points on
topological designs and compliance, as illustrated in Fig. 5. Differ-
ent numbers of grid points resulted in different topological designs
and had effects on the smoothness of topological boundaries. Gen-
erally, raising the number of grid points in each element can
increase the smoothness of topological boundaries up to using
555 grid points per element, after which no significant change
in smoothness is obtained by further refining the grid points.
Fig. 5g shows that compliance with different numbers of grid
points ranges from 53.938 to 54.773 J, showing that compliance
is not sensitive to the number of grid points.
Effects of the number of grid points on computational effi-
ciency, i.e., the number of iterations and central processing unit
(CPU) time, were obtained, as illustrated in Fig. 5g. Increasing the
number of grid points can slightly improve the convergency of
the proposed algorithm, because the number of iterations shows
an overall downward trend from 100 at 222 to 91 at
101010. On the contrary, the CPU time shows an obvious
upward trend from 18.94 min at 222 to 47.87 min at
101010 with the rise in the number of grid points. Even though
the number of iterations at 333 is the highest (112), its CPU
time (22.49 min) is still lower than that at 444 (23.83 min),
showing that the number of iterations is not directly relevant to
the computational cost.
To investigate the effects of the mesh size, four different meshes
(i.e., 481616, 602020, 782626, and 903030) were con-
sidered. As the element size was scaled with a certain ratio, the fil-
ter radius was scaled with the same ratio to make sure its absolute
value remains constant. In this case, the number of grid points was
set to 555. Optimized topological designs with different mesh
sizes are shown in Fig. 6. Topological designs with different mesh
sizes are reasonably similar, and the difference basically appeared
on the two side surfaces. Specifically, topological designs in Figs. 6b
and 6c are very similar. The main reason causing different topolo-
gies is that more elements in the design domain provide more
design freedom. To further reveal this, the topological design rep-
resented by elemental volume fractions for the mesh size of
903030 is depicted in Fig. 7. When the number of elements is
big enough, concavities were formed instead of cavities on the
two side surfaces due to more design freedom provided. It is noted
that the grayscale voxel-like meshes shown in Fig. 7 are similar to
the final topologies obtained by SIMP. On top of that, the topolog-
ical design with the mesh size of 903030 (Fig. 6d) is much
smoother than that of 481616 (Fig. 6a). It is concluded that
the smoothness of topological boundaries in the proposed algo-
rithm is determined by both the number of grid points and mesh
size.
Effects of different mesh sizes on compliance and the number of
iterations are illustrated in Fig. 8. There is an overall tendency for
compliance to decrease with the mesh size, ranging from 54.734
J at 481616 to 32.043 J at 903030 (Fig. 8). Although the
mesh size has a great influence on compliance, there is no clear
Fig. 3. Compliance and number of iterations for different values of b0 and K solving 3D cantilever beam case.
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Table 1
Optimized topologies and convergence histories for different values of b0 and K solving 3D cantilever beam case.
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relationship between the element size and the number of itera-
tions (Fig. 8). Generally, optimized topologies with better compli-
ance and smoother boundaries can be obtained when a large
number of elements are used. However, increasing the number of
elements caused the computational cost (CPU time) to increase
dramatically, ranging from 0.43 h at 481616 to 12.22 h at
903030 (Fig. 8). Therefore, the determination of the number
of grid points should be based on the element size to maintain a
proper balance between the smoothness of topological boundaries,
performance, and computational cost.
3.3. Bridge case
Finally, a 3D bridge case was considered to explore the effects of
the penalty coefficient p on performance, convergence speed, and
topological designs. As shown in Fig. 9, the design domain was
fixed on the bottom surface at orange strips, and a vertical dis-
tributed load (F ¼ 0:01 N) was applied on a passive solid slab
(green area), which represents the deck of the bridge. The design
domain was discretized by a 1204824 finite element mesh.
Specifically, the length of orange stripes was set to 10 element
widths, and the height of the solid slab was set to 2 element
widths. The prescribed value of the allowable volume V was set
to 0.2. In this case, b0 ¼ 0:5 and K ¼ 0:5 were employed, and a grid
with 333 points was used based on the discussion in
Section 3.2.
Fig. 10 shows that apart from very low penalty coefficients,
optimized topologies are not sensitive to penalty coefficients, and
only when a very small value of p = 1.1 was used, there were some
issues in generating clear and smooth boundaries (Fig. 10f). As
shown in Fig. 11, there are a great number of intermediate ele-
ments on the surface of the topological design represented by ele-
mental volume fractions for p ¼ 1:1, which caused the difficulty in
determining clear and smooth boundaries.
Effects of different penalty coefficients on compliance and the
number of iterations are illustrated in Fig. 12. Compliance gradu-
ally increases from 188.257 J at p ¼ 1:1 to 195.793 J at p ¼ 1:75,
and then remains almost constant at approximately 195.6 J after
p ¼ 1:75. Broadly, the change of compliance under different pen-
alty coefficients is also within a narrow range. The number of iter-
ations decreases swiftly from 848 at p ¼ 1:1 to 143 at p ¼ 1:25, and
there is then a slight increase to 155 at p ¼ 1:5. From p ¼ 1:5 to
p ¼ 3, the number of iterations remains almost unchanged at
around 150. When p ¼ 1:25, the number of iterations is the lowest
(143), and the corresponding compliance is 193.079 J. More impor-
tantly, a clear and smooth topology can be obtained at p ¼ 1:25
(Fig. 10d). Therefore, the penalty coefficient of p ¼ 1:25 is recom-
Fig. 4. Design domain of a 3D cantilever beam with multiple load cases.
Fig. 5. Effects of number of grid points on topologies and compliance.
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mended in this case to reach a proper trade-off between the con-
vergence speed and compliance. A lower penalty coefficient is ben-
eficial for obtaining a solution closer to the optimum value from an
algorithmic point of view, because the optimization problem is
then closer to a convex problem.
3.4. Continuation method on penalty coefficient
Continuation approaches on the penalty coefficient are gener-
ally used in combination with topology optimization algorithms
to obtain a better solution through mitigating the local minima
problem [70–72]. In these sorts of approaches, a near convex opti-
mization problem is solved first via a low penalty coefficient, and
then the problem is gradually changed towards the original prob-
lem through increasing the penalty coefficient.
The bridge case in Section 3.3 was used to investigate the effects
of the parameters in the continuation method on final results. The
penalty coefficient is gradually increased from 1 by multiplying it
by a scale factor u after a certain number of iterations S or when
the convergence criterion is satisfied. Four different step sizes
(S = 20, 25, 30, and 35 iterations) were considered, and u was set
to 1.25.
Fig. 13 shows that the larger step size generally contributes to a
slightly better solution but a longer convergence process. Opti-
mization procedures for four different step sizes of 20, 25, 30,
and 35 converged at the penalty coefficients of 3.05176, 2.44141,
2.44141, and 1.95313, respectively. The lower penalty coefficient
at the final step made the optimization problem closer to a convex
problem, so the larger step size led to a better solution. Compliance
of S ¼ 25 and S ¼ 30 is much closer to each other because of having
the identical penalty coefficient (2.44141) at the final step (the
magnified subfigure in Fig. 13). The greater penalty coefficient at
the final step suppressed intermediate elements to solid/void or
black/white elements more quickly and therefore sped up the con-
vergence process, so a smaller step size can generally lead to a
Fig. 6. Optimized topologies with different mesh sizes.
Fig. 7. Topological design represented by elemental volume fractions for mesh size
of 903030.
Fig. 8. Effects of mesh size on compliance, number of iterations, and CPU time.
Fig. 9. Design domain of a 3D bridge.
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shorter convergence process. Specifically, the total number of iter-
ations of S ¼ 25 is the lowest despite it having a lower penalty
coefficient than S ¼ 20 at the final step.
The lowest compliance is 190.713 J when S = 35, and the corre-
sponding number of iterations is 128, which is the highest among
the four cases. The highest compliance is 191.676 J when S = 20,
and the corresponding number of iterations is 118. Both compli-
ance and the number of iterations obtained by the continuation
method perform better than those using the constant p ¼ 1:25.
Interestingly, the combination of topology optimization algorithms
with the continuation approach often delays the convergence pro-
cess instead of shortening it. It is concluded that the combination
of the continuation method and the proposed algorithm is capable
of pursuing a better solution (lower compliance and total number
of iterations) despite it introducing more parameters into the
algorithm.
To further investigate the effects of the penalty coefficient on
final results, a smaller scale factor u ¼ 1:1 was used, and the step
size S was set to 25. To accurately evaluate the deviation of
topological designs at the end of two successive steps, the topolog-
ical deviation r sh i was introduced as the indicator:
r sh i ¼
PM





where X sh ie is the volume fraction of the eth element at the end of
step s.
The convergence process and the topological deviation are illus-
trated in Fig. 14 where p sh i represents the value of p at the end of
the sth step. The converged topology was obtained at step 7 after
169 iterations. The optimization procedure reached a steady stage
from step 4 (p 4h i ¼ 1:331). However, a rising trend was observed
from step 6 (p 6h i ¼ 1:61051) until the termination criterion was
satisfied at step 7 (p 7h i ¼ 1:77156), which was caused by a rela-
tively higher penalty coefficient. The low value of the penalty coef-
ficient at the final step would extend the convergence process. As
the penalty coefficient of p 7h i ¼ 1:77156 is the lowest among the
cases presented in Section 3.4, the highest total number of itera-
tions was needed to reach the convergence criteria. The final value
of the objective function is 190.842 J, which is slightly worse than
that with u ¼ 1:25 (190.775 J) but still better than that using the
constant p ¼ 1:25 (193.079 J). The topological deviation in Fig. 14
illustrates that the biggest topological change occured in step 4,
and there is barely topological change but boundary moving after
step 4. Therefore, the penalty coefficient of p 4h i ¼ 1:331 is big
enough to obtain a convergent solution.
Topologies at the end of each step are shown in Fig. 15. Fig. 15g
shows that the converged topology is not axially symmetric (small
features in red circles), but it is confirmed to be centrally symmet-
ric after checking its 3D model, which provides more possibilities
for topology optimization. This is also the reason why the full
design domain of the 3D bridge case was considered in optimiza-
tion. It is noted that Fig. 15a shows a discontinuous topology with
Fig. 10. Optimized topologies with different penalty coefficients.
Fig. 11. Topological design represented by elemental volume fractions for p ¼ 1:1.
Fig. 12. Compliance and number of iterations for different penalty coefficients
solving 3D bridge case.
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the structual volume less than V, because there exists a great
number of grid points with low values that cannot be filtered by
Eq. (13) at step 1, resulting in a high value of the topological
boundary error as mentioned in Section 3.1.
Based on the analysis above, it is concluded that there is no
need to use the penalty coefficient of 3 like SIMP to obtain a con-
vergent and reasonable topology in the proposed algorithm, and
the parameters in the continuation method have to be tested first
to obtain better solutions with both lower compliance and total
number of iterations.
3.5. Numerical comparison with TopOpt topology optimization
framework
Numerical comparisons with existing algorithms are needed to
further demonstrate the effectiveness of the proposed algorithm. A
well-established topology optimization framework (TopOpt) pro-
posed by Aage et al. [73], which is developed based on the Portable
and Extendable Toolkit for Scientific Computing (PETSc), was used
for comparisons. The density-based approach [2] with the modified
SIMP interpolation [74] is employed in TopOpt in PETSc. A fully
parallelized MMA [75] and a multigrid preconditioned conjugate
gradients (MGCG) solver [76] are integrated into TopOpt in PETSc,
which can reduce computing time significantly. By contrast, the
preconditioned conjugate gradients (PCG) solver [77] and standard
MMA are used in the proposed algorithm. Hence, only performance
and convergency are compared for fairness.
The cantilever beam case in Section 3.1 was used to implement
the numerical comparison. The design domain was discretized by a
1608080 finite element mesh (1 million elements). The filter
radius rmin was set to 3 element widths, and the allowable volume
V was set to 0.2. The objective function value was multiplied by a
scale factor of 100. Based on the previous discussion, the chosen
parameters in the proposed algorithm are
b0 ¼ 0:5;K ¼ 0:5; p ¼ 1:5, and a grid with 333 points. Default
parameter settings in TopOpt in PETSc were used except that the
maximum number of iterations was set to 200. In addition, the
density filter was selected as it is similar to the filter used in the
proposed algorithm (Eq. (6)).
Comparisons of performance, convergency, and topologies
between the proposed algorithm and TopOpt in PETSc are shown
in Fig. 16. Specifically, the design was thresholded at the ele-
mental density value of xPhys = 0.5 in TopOpt in PETSc.
Fig. 16a shows that the optimization process in the proposed
algorithm converged after 120 iterations, and TopOpt in PETSc
terminated after reaching the maximum number of iterations
of 200, demonstrating the better convergency of the proposed
algorithm. Compliance of the final topology in the proposed
algorithm is 302.808 J, which is 6.66 % better than that in
TopOpt in PETSc (324.4025 J). In the proposed algorithm, stron-
ger convergency is because of improved convergence criteria
(Eqs. (14) and (15)), and better performance is because of using
a lower penalty coefficient (p ¼ 1:5). Through comparing
Fig. 13. Convergence histories of compliance values under different step sizes.
Fig. 14. Convergence history of compliance value under s = 25 and u = 1.1.
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Figs. 16b and 16c, it is concluded that topologies obtained by the
proposed algorithm and TopOpt in PETSc are almost the same,
and main differences appeared on the two side surfaces. The
above comparison on topologically optimized structures illus-
trates the reason why topologies obtained by the two algorithms
have close objective function values. Even though the proposed
algorithm performs better than TopOpt in PETSc in performance
and convergency in terms of this case, the excellent computing
speed of TopOpt in PETSc for large-scale topology optimization
problems should be acknowledged.
4. Print-Ready Design for Additive Manufacturing (AM)
Topology optimization is the most beneficial from economic
perspective because of removing inefficient materials from the
original design and the most challenging from engineering per-
spective because of often obtaining complex geometries. AM, also
known as 3D printing, offers great benefits of fabricating parts with
geometric complexities in a layer-by-layer manner. Therefore, AM
has been extensively employed to build the designs obtained by
topology optimization through which stronger yet lighter struc-
tures can be realized for several industries, including aerospace,
automotive, robotics, and biomedicine [78,79].
However, extra efforts have to be made to obtain print-ready
designs with exact boundary information for AM if some typical
element-based algorithms such as SIMP, RAMP, ESO, and BESO
are used to conduct the topological design. The proposed algorithm
uses a sensitivity-based level-set function (Eq. (13)) to implement
the solid/void design of grid points, and therefore smooth bound-
aries of topologies are represented and evolved iteratively. As a
result of the smooth boundary representation, optimized topolo-
gies in the proposed algorithm can be additively manufactured
without redesign and post-processing methods. Also, smooth
boundaries are somewhat beneficial for reducing the use of sup-
port structures in 3D printing [80,81]. The selected topologies
obtained in this paper were printed with the Fused Deposition
Modeling (FDM) technology to prove the ability of the proposed
algorithm in generating print-ready designs, as shown in Fig. 17.
Due to the greater flexibility in manufacturing structures using
AM, structures obtained in the proposed algorithm can be easily
applied in engineering applications.
Even though the proposed algorithm is improved based on ETO
by Da et al. [36], Chen et al. [37], and Liu et al. [39] for smooth
topological design, its framework is established based on SIMP
instead of evolutionary algorithms. Therefore, existing AM con-
straints and feature size control methods that were developed
based on SIMP can be easily integrated into the proposed algorithm
to further enhance the manufacturability of topological designs in
AM. By contrast, extra methods have to be developed for other pro-
posed smooth topology optimization algorithms such as MMCs-
based methods to achieve the same goal.
As pointed out by Thore et al. [82], the combination of tradi-
tional element-based algorithms and Langelaar’s AM filter [83] will
inevitably generate sharp inward corners causing stress singulari-
ties, and hence a penalty formulation was presented in [82] to mit-
igate this problem. However, this sort of issue can be naturally
solved with the proposed algorithm (refer to topologically opti-
mized geometries in this paper and [53,54]). In addition, the com-
bination of Langelaar’s AM filter with traditional element-based
methods could not always yield convergent results, and therefore
the large number of iterations had to be used to ensure that an
optimized outcome is achieved [83,84]. However, convergent
results can be achieved when the AM filter is integrated into the
proposed algorithm [53,54], which proves its suitability for nonlin-
ear AM filters.
Based on the discussion above, it can be concluded that topolog-
ical designs obtained by the proposed algorithm are more practical
than those by traditional element-based algorithms.
Fig. 15. Topologies at the end of each step and topological deviation.
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5. Conclusions
This paper proposed a 3D topology optimization algorithm
resulting in smooth designs and thoroughly investigated the influ-
ences of parameters (i.e., parameters in the Heaviside smooth func-
tion, the number of grid points, mesh size, and penalty coefficient)
on performance, computational efficiency, and topological designs.
The proposed algorithmwas compared with TopOpt in PETSc using
a simple numerical example. The significance of the proposed algo-
rithm in engineering applications was discussed. The following
concluding remarks can be made.
 Compliance of topological designs is not sensitive to the param-
eters in the Heaviside smooth function, the number of grid
points, and penalty coefficient, indicating the robustness of
the proposed algorithm. By contrast, the mesh size has a great
influence on compliance because of the variation on design
freedom caused by different mesh sizes.
 The number of iterations is sensitive to the evoluton rate in the
Heaviside smooth function, mesh size, and penalty coefficient.
The CPU time is highly dependent on the number of grid points
and mesh size.
 The smoothness of topological boundaries is controlled by both
the number of grid points and mesh size.
Fig. 16. Comparisons of performance, convergency, and topological designs between the proposed algorithm and TopOpt in PETSc.
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 A lower penalty coefficient can be used in the proposed algo-
rithm, meaning that the optimizaiton problem is much closer
to a convex problem compared to methods like SIMP where
higher penalty factors need to be used.
 The integration of the proposed algorithm with the continua-
tion method on the penalty coefficient is able to obtain better
solutions (lower compliance and total number of iterations)
than using a constant penalty coefficient.
 When compared with a well-established topology optimization
framework, like TopOpt in PETSc, the proposed algorithm can
produce similar results with better convergence.
 Because of the smooth boundary representation, topological
designs obtained by the proposed algorithm can be directly
manufactured by 3D printing machines without redesign and
post-processing methods.
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Chapters 3 and 4 numerically verified the effectiveness of SEMDOT in solv-
ing both 2D and 3D optimisation problems and the ability of SEMDOT in
creating optimised geometries with smooth and clear boundaries. As men-
tioned in Chapter 2.3, a new optimisation platform that can be easily used
with existing self-supporting restriction methods is required to eliminate the
additional efforts of proposing new methods for it. However, Chapters 3
and 4 did not investigate the combination of SEMDOT and some existing
self-supporting restriction method for AM. As previously discussed in Chap-
ter 2.2, Langelaar’s gradient-based AM filter has become a well-established
and widely used method, and is therefore chosen to form self-supporting de-
signs based on the SEMDOT platform for the rest of research works in this
thesis.
This chapter integrates Langelaar’s AM filter into the SEMDOT algo-
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rithm developed to implement the smooth design of 2D self-supporting topolo-
gies, involving three sections: self-supporting design and experimental vali-
dation using FDM (Publication [P3]), parametric studies and experimental
validation using SLM (Publication [P4]), and further experimental observa-
tion (supplementry material). It is noted that the topological boundary
error was not considered as a termination criterion in this Chapter yet.
This chapter answers research questions [Q2] and [Q3]. In the following
chapter, investigations will focus on exploring smooth 3D self-supporting
topologies using the combination of SEMDOT and Langelaar’s AM filter.
5.1 Self-supporting design and experimental val-
idation using FDM
This section presents the smooth design of self-supporting topologies using
the combination of SEMDOT and Langelaar’s AM filter. In this section, in-
fluences of different build orientations on performance and manufacturability
of self-supporting topologies are thoroughly investigated. The continuation
method on the penalty coefficient is used to eliminate thin features and tiny
enclosed cavities. Manufacturability of selected simulation results are veri-
fied with FDM. It is illustrated that the proposed method is able to generate
convergent self-supporting topologies which are printable using FDM.
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ABSTRACT
Incorporating additive manufacturing (AM) constraints in topology optimisation can lead to
performance optimality while ensuring manufacturability of designs. Numerical techniques have
been previously proposed to obtain support-free designs in AM, however, few works have
verified the manufacturability of their solutions. Physical verification of manufacturability
becomes more critical recalling that the conventional density-based topology optimisation
methods will inevitably require post-processing to smooth the boundaries before sending the
results to a 3D printer. This paper presents the smooth design of self-supporting topologies
using the combination of a new Solid Isotropic Microstructure with Penalisation method (SIMP)
developed based on elemental volume fractions and an existing AM filter. Manufacturability of
selected simulation results are verified with Fused Deposition Modeling (FDM) technology. It is
illustrated that the proposed method is able to generate convergent self-supporting topologies









Topology optimisation searches for the optimal layout of
material within a design domain for a given set of bound-
ary conditions such that the resulting material distri-
bution satisfies a set of performance requirements
(Bendsøe and Sigmund 2004). Topology optimisation
typically results in complicated designs not easily manu-
facturable by traditional techniques. Additive manufac-
turing (AM), on the other hand, is a free-form
manufacturing technique that is capable of building up
a component incrementally (Bikas, Stavropoulos, and
Chryssolouris 2016; Lee et al. 2017; Mohammed et al.
2018). In recent years, topology optimisation has been
well-accepted as an important design tool that has
great potential to leverage the increased design
freedom offered by AM (Chiu et al. 2018; Liu, Gaynor,
et al. 2018).
However, the structures obtained in topology optimis-
ation cannot always be fabricated in AM, primarily
because AM still suffers from a few manufacturing limit-
ations. As the structures in AM are fabricated layer by
layer, each part of components must be sufficiently sup-
ported to prevent build failures during fabrication (Jiang
et al. 2018; Jiang, Xu, and Stringer 2018). In general, the
collapse of unsupported sections (overhang) is one of
the main reasons causing component distortion. Includ-
ing additional support structures and designing self-sup-
porting or support-free structures are two effective ways
to overcome overhang angle limitations (Leary et al.
2014; Mirzendehdel and Suresh 2016; Guo et al. 2017;
Jiang, Lou, and Hu 2019). Designing self-supporting
structures via topology optimisation is preferable, as it
reduces the fabrication cost and simplifies the post-
treatment.
Recent years witnessed an increasing interest in
developing topology optimisation methods for self-sup-
porting structure design. Leary et al. (2014) incorporated
a post-processing method in the density-based topology
optimisation method to obtain topological structures
that are printable in AM. Essentially, features similar to
support structures are added as a part of the component.
However, this method inevitably alters target weight and
destroys the optimality of original optimised designs.
Gaynor and Guest (2014, 2016) presented a Heaviside
projection-based approach to ensure that structural fea-
tures are sufficiently self-supporting, and the proposed
method has been extended into a 3D version by
Johnson and Gaynor (2018) recently. This method pre-
vents a certain structural feature point to exist unless it
© 2019 Informa UK Limited, trading as Taylor & Francis Group
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is sufficiently supported by neighbouring features. Simi-
larly, Qian (2017) proposed a method for constraining
the undercut and minimal overhang angle based on
the Heaviside projection based integral (HPI) form in
the density-based topology optimisation. Langelaar
(2016, 2017) combined a layer-wise nonlinear spatial
filtering scheme that mimics a typical powder bed-
based AM process with SIMP method. However, this
method can only work with a regular mesh and a fixed
critical overhang angle of 45◦. Additionally, the combi-
nation of Langelaar’s AM filter with SIMP could not
always yield convergent results. Subsequently, Hoffarth,
Gerzen, and Pedersen (2017) modified Langelaar’s AM
filter and integrated it into SIMULIA Tosca Structure.
Very recently, Langelaar (2018) improved his original
AM filter to handle arbitrary mesh types, critical over-
hang angles, and build orientations and conducted the
simultaneous optimisation of the topological structure,
support layout, and build direction. Despite it being
limited to a fixed critical overhang angle of 45◦, original
Langelaar’s AM filter is still a promising method, because
this angle is a typical reference value for most AM
machines. van de Ven et al. (2018) developed an over-
hang filter based on front propagation, which detects
overhang regions with an anisotropic speed function
for density-based topology optimisation. This method
utilised an unstructured mesh that is suitable for an
initial design domain having holes and curved surfaces.
Recently, Jimenez et al. (2018) took advantage of an
edge detection algorithm in the image processing field,
Smallest Univalue Segment Assimilating Nucleus
(SUSAN) (Smith and Brady 1997), to assess the overhang
angle of contours through identifying and controlling
the inclination of members in density-based topology
optimisation. The ratio of the amount of self-supporting
contours to the total amount of contours was defined as
a constraint function through which the topological
structures ready for AM were generated. Most recently,
Zhang, Cheng, and Xu (2019) integrated both the over-
hang angle and hanging feature constraints into the
density-based topology optimisation formulation
through which the overhang control and the minimum
horizontal length control were simultaneously realised.
The common restriction of density filter-based
methods is that the extra-layer of the density filter
will greatly raise the computational cost. Therefore,
Allaire, Dapogny, Estevez, et al. (2017a, 2017b) and
Allaire, Dapogny, Faure, et al. (2017a, 2017b) proposed
a physics-based method for self-supporting design
through defining a new mechanical constraint func-
tional on the compliance of intermediate shapes
during the layer-by-layer manufacturing of a topology.
However, the compliance of intermediate shapes needs
to be approximated several times per iteration. In
addition to density-based and physics-based methods,
the deposition path planning-integrated level-set fra-
mework was also used to develop self-supporting
design methods. Liu and To (2017) utilised multiple
level-set functions to represent the sliced homo-
geneous AM part and implemented the self-supporting
manufacturability constraint through a novel multi-
level-set interpolation scheme for 3D structures. After
that, Liu, Ma, et al. (2018) integrated the optimal
hybrid deposition paths with shape and topology optim-
isation for the filament extrusion-based AM process
under the level-set framework to obtain a structure
closer to practice. In terms of using the level-set frame-
work, Wang, Gao, and Kang (2018) proposed an over-
hang constraint with a single domain integral to
facilitate the detection of overhang angle violation.
However, topological structures obtained in level-set
methods are highly dependent on the initial guess
design and regularisation technique, and its conver-
gence is dependent on mesh discretisation and regular-
isation. Furthermore, almost all the current research
about exploring self-supporting topologies merely con-
centrated on theoretical discussions, lacking the exper-
imental results that can be used to demonstrate their
theories and provide new ideas for future work.
Density-based topology optimisation approaches
towards support-free AM will inevitably result in a
zigzag boundary representation unless the size of
elements is far less than the manufacturing resolution.
As a consequence, extra shape optimisation or post-pro-
cessing methods should be implemented to obtain
refined or smooth boundaries after topology optimis-
ation, which would not only require more computational
efforts but destroy the self-supporting property. Thus, it
is generally believed that AM oriented topology optimis-
ation methods capable of generating smooth bound-
aries are preferable (Chen et al. 2015; Rosen 2016).
As previously discussed, level-set methods for
support-free designs are capable of generating self-sup-
porting topologies with smooth boundaries, but they all
have inherent disadvantages. Therefore, a combined
method that takes full advantage of the density-based
method in searching a solution near the global
optimum and the level-set method in forming smooth
boundaries is a promising optimisation platform for
further developing AM oriented topology optimisation
algorithms. Three evolutionary topology optimisation
methods with the smooth boundary representation
were proposed recently by Da et al. (2018), Martínez-
Frutos and Herrero-Pérez (2018), and Chen et al. (2019).
The SIMP method with the smooth boundary represen-
tation has not been reported despite it being the most
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commonly used density-based method. The develop-
ment of the SIMP method with the smooth boundary
representation is of great significance, because apart
from having the smooth boundary, some existing
methods developed based on SIMP (for example, the
length scale control method Zhang, Zhong, and Guo
2014; Mohan and Simhambhatla 2019 and AM filter Lan-
gelaar 2016, 2017, 2018) can be easily integrated to
further increase the manufacturability of topological
structures in AM. The aim of this paper is to bridge top-
ology optimisation and AM technologies through the
experimental validation of theoretical analysis.
In this work, a SIMP-based method with smooth
boundary representation is presented. In the proposed
method, each element is further divided into several
grid points, and then the boundary is formed based on
the solid/void design at those grid points executed by
the level-set method. As the number of grid points is
much more than that of elements, smooth boundaries
can be achieved. Langelaar’s AM filter (Langelaar 2017)
is integrated with the proposed method to implement
the smooth design of self-supporting topologies.
Finally, to verify the proposed approach, some of the
obtained solutions were printed.
The remainder of this paper is structured as follows.
Section 2 explains the framework of the SIMP method
with the smooth boundary representation in detail and
how Langelaar’s AM filter was integrated into the pro-
posed method. Section 3 presents some numerical
experiments to demonstrate the effectiveness and gen-
erality of the combination of the developed SIMP-
based method and AM filter. Section 4 conducts a
range of manufacturability experiments to validate simu-
lation results and bridge the gap between theory and
experiments. Conclusions are presented in Section 5.
2. Smooth design of self-supporting
topologies
2.1. Problem statements
The implementation of the SIMP method is based on
FEA, where the design domain is discretised into a
range of finite elements (e = 1, 2, . . . , M). To generate
the smooth boundary for a topological structure, each
element is further discretised into N grid points
(g = 1, 2, . . . , N), and the density of the gth grid point
in the eth element re,g can be solid (re,g = 1) or void
(re,g = rmin), as illustrated in Figure 1. It is noted that
rmin is a small artificial parameter (for example, 0.001)
introduced to prevent the occurrence of singular
stiffness matrices. Based on the power-law SIMP model,
the material interpolation scheme at the grid point can
be expressed by
Ee(re,g) = rpe,gE1 (1)
where Ee(re,g) is the function of the Young’s modulus
with respect to the grid point density re,g, E
1 is the
Young’s modulus of solid grid points, and p is the
penalty coefficient. The mean compliance or total
strain energy of a structure is the most widely utilised
objective function in structural optimisation problems.
To maximise the stiffness of a structure, the mean com-
pliance is minimised subject to a volume constraint.
The mathematical statement of the topology optimis-
ation problem is defined as
min : C(re,g) = fTu







/M− V∗ ≤ 0
re,g [ {rmin, 1}; g = 1, 2, . . . ,N; e = 1, 2, . . . ,M
(2)
where C is the mean compliance of the structure; f and u
are global force and displacement vectors, respectively;
K is the global stiffness matrix; and V∗ is the prescribed
value of the allowable volume. However, the formulated
optimisation problem cannot be solved directly, because
the design variable re,g cannot be involved in FEA.
Instead of re,g, the elemental volume fraction is used to
be the alternative design variable, which can be given





where Xe is the volume fraction of the eth element. As
shown in Figure 1, the element is solid or void when
Xe = 1 or Xe = rmin, meaning that all corresponding
grid points are solid or void. Otherwise, the element is
a boundary element with rmin , Xe , 1, including both
solid and void grid points. That is, the intermediate
elements obtained are all along boundaries.
The structural volume with regard to the alternative





where Ve is the volume of the eth element.
Therefore, the compliance minimisation problem
in relation to the alternative design variable Xe is
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formulated by
min : C(Xe) = fTu







− V∗ ≤ 0
rmin ≤ Xe ≤ 1; e = 1, 2, . . . ,M
(5)
2.2. Sensitivity analysis
The sensitivity is a measure of the effectiveness of chan-
ging the design variable on reducing or increasing the
objective function through which the search direction
can be determined (Ghabraie 2015a, 2015b). The vari-
ation of the compliance objective functional with
respect to the variation of the elemental volume fraction








Although ∂re,g/∂Xe can be obtained through the differen-
tiation of Equation (3), ∂C/∂re,g cannot be obtained
directly by FEA. To solve this issue, it is assumed that
the densities at all grid points within an element are
uniform (see Equation (3)). Consequently, the material
interpolation scheme in Equation (1) can be rewritten by
Ee(Xe) = Xpe E1 (7)
For elements that are not at boundaries, the above
assumption is realised, because the densities of grid
points within those elements are really uniform. Based
on Equation (7), the sensitivity of the mean compliance
C with respect to Xe can be expressed by the adjoint
method (Bendsøe and Sigmund 2004) as
∂C
∂Xe
= −pX p−1e uTeK1ue (8)
whereue is the displacement vector of the eth element and
K1 is the stiffnessmatrix of solid elements. Note thatXe = 1
and Xe = rmin for solid and void elements, respectively.
In terms of boundary elements, they can be regarded
as the combination of solid elements with a weighting
factor of Xe and void elements with a weighting factor
of (1− Xe). Therefore, the sensitivity of boundary
elements can be approximately estimated with the
linear weighted-sum method as
∂C
∂Xe








= −p[(1− Xe)r p−1min + Xe]uTeK1ue (9)
Only meshes with equally sized square elements are uti-
lised, and for simplicity, it is assumed that each element
has unit volume (i.e. Ve = 1). Through the differentiation
of Equation (4), the sensitivity of the structural volume
with respect to the elemental volume fraction yields
∂V
∂Xe
= Ve = 1 (10)
2.3. Filtering
In topology optimisation, design variables are generally
filtered to mitigate two common numerical instabilities:
mesh-dependency and checkerboard patterns (Sigmund
and Petersson 1998). The filtering scheme for elemental
volume fractions is (Bourdin 2001; Bruns and Tortorelli
Figure 1. Smooth topology, density of grid points within elements, re,g (g = 1, . . . , N) and elemental volume fraction, Xe (e = 1, . . . , M).
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where X̃e is the filtered elemental volume fraction, Ne is
the neighbourhood set of elements within the filter
domain for the eth element that is a circle centred at
the centroid of the eth element with a predefined filter
radius rmin, and vel is a linear weight factor defined as
vel = max (0, rmin − D(e, l)) (12)
where D(e, l) is the centre-to-centre distance of the lth
element within the filter domain to the eth element.
The sensitivity of the compliance objective functional
with respect to the elemental volume fraction can be cal-


















2.4. Assigning elemental volume fractions to grid
points
The idea of the smooth boundary representation is
based on the solid/void design at grid points. Conse-
quently, the first step of generating smooth boundaries
is to assign elemental volume fractions to grid points.
Because of using the filtering scheme, filtered elemental
volume fractions should be employed to replace unfil-
tered ones. Although filtered elemental volume fractions
can be directly assigned to grid points, the compu-
tational cost will increase dramatically for the large
finite element model in particular. Therefore, filtered
elemental volume fractions will be assigned to nodes
first with a heuristic filter. Afterwards, the obtained
nodal densities will be assigned to grid points via
shape functions. According to the heuristic filter, the






where rn is the density of the nth node and vne is the
weight factor defined as
vne = max (0, rmin − D(n, e)) (15)
where D(n, e) is the distance between the nth node and
the centre of the eth element.
The idea of Equation (14) is similar to the filtering
scheme capable of transferring sensitivity numbers
from elements to nodes in the BESO algorithm (Huang
and Xie 2007, 2009, 2010). After obtaining nodal den-
sities, linear interpolation is implemented to convert
nodal densities to point densities through shape func-
tions. For four-node elements, the density of the grid
point r(z, h) within an element is given by (Smith,




Ng(z, h)rgn and r(z, h) [ r(x, y) (16)
where (z, h) is the local coordinate of the grid point,
(x, y) is the global coordinate of the grid point, rgn is
the density for the γth node of the element, and
Ng(z, h) is the shape function defined as (Smith,
Griffiths, and Margetts 2013)
Ng(z, h) = 1
4
(1+ zgz)(1+ hgh); g = 1, . . . , 4 (17)
where zg and hg are the local coordinates for the γth
node of the element. Based on Equation (16), the den-
sities of grid points can be obtained for the preparation
of the solid/void design at grid points.
2.5. Update of smooth topology
To obtain a solid/void design at grid points, the density
of the gth grid point in the eth element can be expressed
with the Heaviside step function as (Guest, Prévost, and
Belytschko 2004)
re,g =
1 if re,g . C
rmin if re,g ≤ C
{
(18)
where Ψ is the threshold value that can be determined
through ensuring the structural volume is equal to that
before using the Heaviside function.
However, the Heaviside step function results in
a binary design, which does not work well with SIMP.
To rectify this issue, the continuous approximation of
the Heaviside function (i.e. the Heaviside smooth
function) was used to replace the Heaviside step func-
tion (Xu, Cai, and Cheng 2010). The tanh-based
expression of the Heaviside smooth function in relation
to the densities of grid points is (Wang, Lazarov, and
Sigmund 2011)
re,g =
tanh (b ·C)+ tanh [b · (r(x, y)−C)]
tanh (b ·C)+ tanh [b · (1.0−C)] (19)
where β is a scaling parameter that controls the steep-
ness of the Heaviside smooth function.
In the practical optimisation process, the steepness of
the Heaviside smooth function β is assigned a small
value first, and then the continuation scheme is used
to gradually increase β as
bk = bk−1 + L (20)
where Λ is the evolution rate for β.
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As a result of obtaining the new density values at grid
points, filtered elemental volume fractions should be
further updated based on Equation (3). However, this
updating scheme of assembling new grid points will




e = X̃e + de (21)
where X̃
new
e is the filtered elemental volume fraction that
is further updated and de is the deviation of the eth
element before and after the update. Consequently,
new filtered elemental volume fractions are used in the
next FEA round to dissipate error and ensure numerical
accuracy.
The level-set method for structural topology optimis-
ation defines the interfaces between solid and void
material phases with the iso-surface of a level-set func-
tion (van Dijk et al. 2013). The zero level-set F = 0 in
relation to the densities of grid points is used to evolve
the smooth boundaries of topological structures. The
level-set method is commonly defined as the signed dis-
tance function (Shu, Wang, and Ma 2014; Ghasemi, Park,
and Rabczuk 2018):
F(x, y)=
r(x, y)−C.0 for solid region (V\∂V)
r(x, y)−C=0 for boundary (∂V>D)




The optimisation process will iteratively implement FEA
and update the topological structure until both the
volume constraint and convergence criterion are
satisfied. In this algorithm, if the variation of volume
within two successive iterations against the total
volume is less than a predefined tolerance value, the
whole optimisation process will terminate. Therefore,
the convergence criterion is given by
∑M
e=1 |Xke − Xk−1e |∑M
e=1 Xke
≤ t (23)
where k is the iteration number and τ is the predefined
tolerance value.
In this paper, t = 0.01% is employed for all numeri-
cal examples. The current convergence criterion is
defined based on the overall variation of elemental
volume fractions. However, the optimisation process
will terminate when the maximum variation of the
design variables within two successive iterations is
small enough in the conventional SIMP method
(Sigmund 2001).
2.7. Implementation of Langelaar’s AM filter
For the element at position (i, j) to be printed, it must be
supported by the printed elements in the underlying
layer (i − 1) sufficiently. In Langelaar’s AM filter, all
elements supported by the baseplate (i=1) can be
printed. For the other layers, printed elemental volume
fraction j(i,j) cannot be larger than the maximum
printed elemental volume fraction (i,j) in the correspond-
ing supporting region. In particular, the supporting
region consists of the element directly below the con-
sidered element and two direct neighbours. It is noted
that the AM filter should be conducted after the
filtering scheme mentioned in Section 2.3 in the optimis-
ation loop, otherwise topological structures that violate
the critical overhang angle of 45◦ could be formed (Lan-
gelaar 2017).
For gradient-based optimisation, the mathematical
expressions of the above idea are (Langelaar 2017)
j = 1
2







Q = P + log nS
log j0
(26)
where j is the column vector form of printed elemental
volume fractions, X̃ is the column vector form of filtered
elemental volume fractions, J is the column vector form
of the maximum printed elemental volume fractions in
the supporting region, ɛ is the parameter that controls
the accuracy of the approximation, jk is the column
vector form of the printed elemental volume fraction in
the supporting region relevant to the considered
element, P is the parameter that controls the smoothness
of the approximation, Q is the parameter that mitigates
the overestimation of intermediate element regions, nS
is the number of elements in the supporting region
(for 2D cases, nS = 3), and j0 is the parameter that con-
trols the penalisation of lower-density structures.
Based on Equation (21), printed elemental volume
fractions should be further updated for the next FEA
round with
jnew = j+ dj (27)
where dj is the column vector form of deviations of
printed elemental volume fractions before and after
the update.
After implementing the AM filter for design variables,
the mean compliance with respect to printed elemental
volume fractions Cp(j) can be obtained, and the
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response sensitivity of Cp(j) with respect to X (the
column vector form of Xe) is required to update design













For solid and void elements, dj = 0, so ∂jnew/∂j = 1. In
the case of boundary elements, the relationship between
jnew and j is approximately linear. For simplicity, it is
assumed that ∂jnew/∂j = 1 for boundary elements. In
the AM filter, the response sensitivity of the compliance
Cp(j) with respect to filtered elemental volume fractions
X̃ can be calculated based on the derivation of adjoint



















where ni is the number of layers. For more details, we
refer to Langelaar (2017). Subsequently, ∂Cp(j)/∂X can
be obtained according to Equation (13).
The main algorithm basically consists of two parts: the
basic SIMP framework using elemental volume fractions
and smooth boundary representation using the densities
at grid points. Firstly, the AM filter is used to obtain
printed elemental volume fractions j based on Equation
(24) for the FEA in the first optimisation iteration. Then,
the response sensitivity of the compliance in printed
elemental volume fractions Cp(j) with respect to
filtered elemental volume fractions X̃ is calculated with
the AM filter (see Equation (29)). Lastly, the AM filter for
design variables (see Equation (24)) is used again
before conducting the smooth boundary representation
such that printed elemental volume fractions j can be
assigned to the densities of grid points re,g for executing
the smooth design of self-supporting topologies.
Unlike the use of the AM filter in the conventional
SIMP method, printed elemental volume fractions j
should be further updated into new printed elemental
volume fractions jnew based on Equation (27) after
implementing the smooth boundary representation for
the next FEA round. This is because the densities of the
grid points belonging to boundary elements will be
inevitably altered to realise the solid/void design at
grid points, which would then result in some alterations
in printed elemental volume fractions.
3. Numerical examples
The method of moving asymptotes (MMA) proposed by
Svanberg (1987) was utilised as the optimiser for updat-
ing design variables. Parameters used in theMMA optimi-
ser (Svanberg 1987) are epsimin = 10−10,
raa0 = 0.00001, move = 1.0, albefa = 0.1, asyinit = 1.0,
asyincr = 1.2, and asydecr = 0.7. The linear elastic
material model was assumed, and an isotropic material
with Young’s modulus of E=1MPa and Poisson’s ratio of
m = 0.3 was used. A fixed regular mesh of four-node
bilinear square elementswas used for FEA. The prescribed
value of the allowable volume V∗ was set to 0.5. The initial
scaling parameter β of the Heaviside smooth function
(Equation (19)) was set to 0.1, and this parameter was
iteratively updated with an evolution rate of L = 0.125.
A grid with 10×10 points was used for each element to
balance between the smoothness of boundaries and
computational cost. The following parameters were
employed for the AM filter: P=40, 1 = 10−4, and j0 = 0.5.
The Messerschmidt–Bölkow–Blohm (MBB) beam was
used to demonstrate the effectiveness of the presented
approach. The design domain and boundary conditions
are depicted in Figure 2. As illustrated in Figure 2, only
half of the design domain was analysed because of sym-
metry. The design domain of half an MBB beam was dis-
cretised by a 180× 60 finite element mesh. The
symmetric boundary condition was applied to the left
side, and the vertical displacement at the bottom right
corner was fixed. A unit vertical load (F = −1N) was
applied at the top left corner (i.e. the mid-point of the
top side in the full design domain). The filter radius rmin
was set to 2.5 element widths.
In this case, four build orientations (i.e. the downward,
leftward, upward, and rightward build orientations) were
considered in topology optimisation (see Figure 2). The
reference topology (Figure 3(a)) and self-supporting
topologies for downward, leftward, upward, and right-
ward build orientations (Figure 3(b–e)) were obtained.
The reference topology converged at the compliance
of 183.3846 J after 138 iterations. Self-supporting topolo-
gies for these four build orientations converged after
231, 109, 218, and 238 iterations, respectively. With the
exception of the downward case, the total numbers of
iterations of the remaining cases are greater than that
of the reference case. Figure 3 shows that different
build orientations led to completely different topological
structures. Compared with the reference case, the per-
formance sacrifices of 8.17%, 0.88%, 5.08%, and 1.02%
were made to form the self-supporting topologies suit-
able for downward, leftward, upward, and rightward
build orientations, respectively. Although the perform-
ance of leftward and rightward cases is close to that of
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the reference case, the manufacturing time will increase
dramatically due to increasing the total number of layers
in the build direction. When the geometrical dimension
is relatively large, these two cases may not be realised
due to the height limitation in the build space. By con-
trast, downward and upward cases can save the manu-
facturing time and get a higher possibility to be
printed, whereas more performance has to be sacrificed.
In summary, the build orientation has a significant
effect on both the total number of iterations and struc-
tural performance, showing the importance of determin-
ing the optimal or a better build direction in the topology
optimisation stage.
Technically, the thin member within the red circle in
Figure 3(b) may not survive if the size of the component
to be printed is small, and the tiny hole within the red
circle shown in Figure 3(d) cannot be fabricated unless
the size of the component is large enough. Therefore,
an additional strategy should be conducted to further
increase the manufacturability of these two cases. The
continuation method on the penalty coefficient p intro-
duced by Groenwold and Etman (2010) was used to
gradually increase the non-convexity of the optimisation
problem. The performance of self-supporting topologies
for both downward and upward cases can be improved
using this method. On top of that, a proper continuation
strategy can mitigate the thin member issue through
obtaining a more rational material distribution (Zegard
and Paulino 2016). The general expression of this strat-
egy is defined by
pk =
{
p0 k ≤ kp0
min {pmax, wpk−1} k . kp0
(31)
where p0 is the initial penalty coefficient, pmax is the
maximum penalty coefficient, kp0 is the number of iter-
ations for p0, and w is the parameter that controls the
increase rate of p.
Through numerous tests, we found that we could not
simultaneously obtain better results for both downward
and upward cases with the same set of parameters in
Equation (31), because the main goals of further optimis-
ation for these two cases are different: one for strength-
ening the thin member and another one for enlarging or
Figure 2. Design domain of half an MBB beam.
Figure 3. Optimised topologies without and with AM filter for MBB beam: (a) reference case; (b) downward case; (c) leftward case; (d)
upward case; (e) rightward case.
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eliminating the tiny enclosed cavity. Therefore, different
sets of parameters were used for downward and upward
cases to further optimise results. Parameters of the con-
tinuation method for the downward case are p0 = 1.5,
kp0 = 40, w = 1.0125, and pmax = 3. The self-supporting
topology further optimised by the continuation method
for the downward case is shown in Figure 4. The topolo-
gical structure further optimised with the continuation
method has no thin members despite slightly increasing
performance by 0.05%. This optimisation process con-
verged after 406 iterations, meaning that the implemen-
tation of the continuation method will increase the
computational cost.
Parameters of the continuation method for the
upward case are p0 = 1, kp0 = 20, w = 1.0125, and
pmax = 3. The self-supporting topology further optimised
by the continuation method for the upward case is
shown in Figure 5. As shown in Figure 5, the tiny
enclosed cavity issue was successfully solved with the
continuation method. In addition, the performance
sacrifice was decreased by 1.23%, and the optimisation
process reached convergence after 373 iterations.
The continuation scheme cannot assure the global
optimal solution, but a better solution can be obtained
with a proper strategy.
4. Manufacturability experiments
To validate the manufacturability of simulation results
and find the gap between theory and experiments,
selected topological structures were printed using
Fused Deposition Modeling (FDM) technology. FDM has
been one of the most common 3D printing methods
that use polymer filaments because of its low cost,
high speed, and simplicity of the process (Ngo et al.
2018). The process parameters of FDM adopted in this
study are listed in Table 1.
The optimised MBB beams in Figure 3 were printed
with the size of 120× 40× 10mm (Table 2). All the refer-
ence topologies were printed with more or less defects,
and all the self-supporting topologies were printed suc-
cessfully. The damage of the reference case for the down-
warddirection is themost severe,which is followedby that
for the upward case. The reference case for the leftward
direction presents a relatively intact structure with tiny
defects, which is slightly better than that for the rightward
direction. Generally, more failed surfaces mean that more
changes should be made to achieve the self-supporting
goal, which resulted in sacrificing more performance.
Turning to simulation results, the self-supporting topology
for the downward direction sacrificed the most perform-
ance, which is followed by that for the upward direction.
By contrast, the self-supporting topology for the leftward
direction sacrificed the least performance, which is slightly
better than that for the rightward direction. Therefore,
experimental results obtained in Table 2 match well with
the simulation results obtained in Figure 3.
As discussed previously in Section 3, the use of the
continuation method for the upward case can further
decrease the performance sacrifice, whereas the perform-
ance remains almost the same for the downward case.
This is because the main target of using the continuation
method for the downward case is to increase its manufac-
turability through strengthening the thin member rather
than improving performance. To prove this idea, two
different sizes (90× 30× 7.5mm and 60× 20× 5mm)
of self-supporting topologies without and with the con-
tinuation method for the downward case were printed,
as illustrated in Table 3. Both self-supporting topologies
without and with the continuation method were
printed successfully when the size is 90× 30× 7.5mm.
When the size is 60× 20× 5mm, the self-supporting
topology without the continuation method failed due
to the collapse of the thin member (Figure 3(b)),
whereas the self-supporting topology with the continu-
ation method survived in the printing process.
Figure 4. Continuation method for the downward case:
C = 198.2695 J, C/Cref = 108.12%.
Table 1. FDM process parameters for manufacturability
experiments.
Parameters Settings
Machine type Zortrax M200
Material Z-Ultrat
Material layer height 0.19 mm
Maximum platform temperature 105◦C




Figure 5. Continuation method for the upward case:
C = 190.4395 J, C/Cref = 103.85%.
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5. Conclusions
This paper developed a new SIMP-based method
capable of generating smooth boundaries and
integrated Langelaar’s AM filter into it to implement
the smooth design of self-supporting topologies. Manu-
facturability experiments were conducted with FDM on
Table 2. Topological structures printed with different build orientations for MBB beam.
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the optimised geometries. The obtained conclusions are
summarised as follows:
. The integration of Langelaar’s AM filter in the pro-
posed SIMP method is capable of forming convergent
self-supporting topologies with smooth boundaries.
Compared to the conventional SIMP method, the pro-
posed method shows better convergency perform-
ance at least for the cases discussed in this paper.
. Distinct build directions trigger completely different
self-supporting topologies and have a significant
effect on the total number of iterations and
performance.
. Other than achieving better performance, a proper
continuation strategy is capable of searching for a
more rational material distribution and therefore
increasing the manufacturability of topological struc-
tures in AM through strengthening thin members
and enlarging or eliminating tiny enclosed cavities.
. Self-supporting topologies obtained based on the
critical overhang angle of 45◦ are manufacturable
with FDM.
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5.2 Parametric studies and experimental valida-
tion using SLM
This section aims to explore the effects of optimisation parameters (the fil-
ter radius, mesh size, and target volume fraction) on the compliance and
manufacturability of smooth self-supporting topologies for AM; and conduct
manufacturability experiments of selected simulation results with SLM. Nu-
merical examples illustrate that a higher filter radius can lead to simpler
smooth self-supporting topologies, but curved top corners that violate the
critical overhang angle of 45◦ are inevitably generated. The lower compli-
ance could be obtained with decreasing the filter radius. Additionally, the
mesh size is found to be not as an important factor as the filter radius in
affecting the manufacturability and performance. As a result of the self-
supporting constraint, a small volume fraction can easily result in structural
discontinuity. The experimental results demonstrate that the self-supporting
topologies obtained are all printable in SLM.
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ABSTRACT
This paper aims to explore the effects of optimisation parameters (the filter radius, mesh size, and
target volume fraction) on the compliance and manufacturability of smooth self-supporting
topologies for additive manufacturing (AM); and conduct manufacturability experiments of
selected simulation results with the Selective Laser Melting (SLM) technology. In this study,
smooth self-supporting topologies are obtained with a combined method of the Solid Isotropic
Microstructure with Penalization method (SIMP) with the smooth boundary representation and
Langelaar’s AM filter. Numerical examples illustrate that a higher filter radius can lead to simpler
smooth self-supporting topologies, but curved top corners that violate the critical overhang
angle of 45° are inevitably generated. Additionally, the mesh size is found to be not as an
important factor as the filter radius in affecting the manufacturability and performance. As a
result of the self-supporting constraint, a small volume fraction can easily result in structural
discontinuity. The experimental results demonstrate that the self-supporting topologies obtained
are all printable in SLM.
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Topology optimisation of continuum structures aims at
obtaining the optimal material layout within a design
domain for a given set of loads and boundary conditions
such that the optimised topological structures meet
certain performance targets (Sigmund and Maute 2013).
Additive manufacturing (AM, also known as 3D printing)
is a free-form manufacturing technique that is capable of
fabricating components in an additive way (Bikas, Stavro-
poulos, and Chryssolouris 2016; Lee et al. 2017). Although
topology optimisation and AM have developed rapidly
independent of each other, the integration of these two
techniques is attracting scholars’ attention for the follow-
ing reasons (Liu and Ma 2016; Mirzendehdel and Suresh
2016). Generally, the designs obtained by topology optim-
isation are geometrically complex. AM has a much larger
design freedom compared to traditional manufacturing
techniques, meaning that the full potential of topology
optimisation can be realised, and the geometrical com-
plexity is no longer themain factor affecting the fabrication
cost. As the manufacturing cost of AM technologies is
directly proportional to the usage of materials, the innova-
tive and light-weight designs achieved by topology optim-
isation could be employed to achieve cost reduction.
However, the geometries obtained by topology
optimisation cannot always be printable in AM,
because AM mainly suffers from overhang angle limit-
ations. Currently, including additional support structures
and designing self-supporting structures are two main
ways to overcome overhang angle limitations (Leary
et al. 2014; Jiang, Xu, and Stringer 2018; Jiang, Stringer,
and Xu 2018; Jiang, Lou, and Hu 2019; Kuo and Cheng
2019). Compared with introducing extra support struc-
tures, designing self-supporting structures via topology
optimisation is preferable, as the latter reduces the fabri-
cation cost and simplifies the post-treatment.
Recent years witnessed an increasing interest in
developing topology optimisation approaches for the
self-supporting design. Density-based, physics-based,
and level-set methods towards support-free AM had
been reviewed by Fu et al. (2019a). In addition, there
has been serious attention in feature-driven methods
that take advantage of the movements and defor-
mations of the basic building blocks (solids or voids) to
alter the topological structure. Guo et al. (2017) intro-
duced overhang angle constraints into Moving Morph-
able Components (MMC) and Moving Morphable Voids
(MMV) solution frameworks (Guo, Zhang, and Zhong
2014; Zhang et al. 2017). However, MMC and MMV use
© 2019 Informa UK Limited, trading as Taylor & Francis Group
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a set of voids as basic building blocks, which may conver-
sely affect the performance of structures due to these
geometric restrictions. Similarly, Zhang and Zhou
(2018) utilised polygon-featured holes as basic building
blocks, and ratio design variables were formulated to
determine different critical overhang angles.
Compared to physics-based, level-set, and feature
driven methods for AM, density-based algorithms for
AM will inevitably generate zigzag (for example, Bi-Direc-
tional Evolutionary Structural Optimization (BESO) or
both zigzag and blurry boundaries (for example, Solid Iso-
tropic Microstructure with Penalization method (SIMP)),
and therefore extra shape optimisation or post-proces-
sing methods need to be used to improve or smooth
the topological boundaries obtained after topology
optimisation. This means additional computational
efforts should be made, and shape optimisation and
other post-processing methods would destroy the orig-
inal optimality of design. Thus, density-based methods
capable of forming smooth boundaries are a promising
field for further developing AM oriented topology optim-
isation algorithms. However, current investigations
mainly concentrated on the smooth design of
evolutionary topology optimisation algorithms (Abdi,
Wildman, and Ashcroft 2014; Ullah and Trevelyan 2017;
Da et al. 2018; Martínez-Frutos and Herrero-Pérez 2018;
Chen et al. 2019; Liu et al. 2019;Wang, Liu, andWen 2019).
Fu et al. (2019a, 2019b) proposed a combined method
that takes full advantage of SIMP in searching a solution
near the global optimum and the level-set method in
evolving smooth boundaries. The newly proposed
SIMP-based method is able to maintain a proper
balance between the smoothness of boundaries and
computational cost (Fu et al. 2019b), and the application
of the developed algorithm to the self-supporting design
was implemented using the AM filter proposed by Lan-
gelaar (2017) (Fu et al. 2019a). However, the previous
work presented by Fu et al. (2019a) merely focussed on
the influence of the build orientation on structural per-
formance and manufacturability, and manufacturability
experiments were only conducted with Fused Deposition
Modeling (FDM) where the plastic material (Z-Ultrat) was
used. As FDM is a different technique that uses polymer
filaments in comparison with powder-bed-fusion-based
AM processes such as Selective Laser Melting (SLM)
(Gong et al. 2019), the manufacturability experiments
based on SLM are required to further validate the self-
supporting design theory. In this work, the parametric
studies on smooth self-supporting topologies is
implemented, and then selected simulation results are
additively manufactured with SLM where the 316L stain-
less steel is used. Finally, the gap between theory and
experiments is revealed.
The remainder of this paper is organised as
follows. Section 2 briefly illustrates the SIMP
method with the smooth boundary representation
and the integration of Langelaar’s AM filter into
the proposed method. Section 3 presents two
numerical examples to demonstrate the effects of
parameters on structural performance and manufac-
turability. Section 4 conducts manufacturability exper-
iments using SLM. Finally, conclusions are given in
Section 5.
2. Formulation
2.1. Basic idea of smooth boundary
representation
To solve the zigzag and blurry boundary issue in tra-
ditional SIMP, each element is discretised into N grid
points, and the evolution of smooth boundaries is
based on the solid/void design of grid points. The
density of the gth grid point in the eth element re,g is
assigned 1 to represent a solid grid point or rmin to rep-
resent a void grid point. As the number of grid points is
far more than that of elements, the goal of obtaining
smooth boundaries can be achieved. The level-set
method for structural topology optimisation defines
the interfaces between solid and void material phases
with the iso-surface of a level-set function (van Dijk
et al. 2013), as illustrated in Figure 1. Smooth topologies
can be implicitly extracted with the level-set function as
(Wang, Gao, and Kang 2018)
F(x, y) =
r(x, y)−C . 0 for solid region
r(x, y)−C = 0 for boundary
r(x, y)−C , 0 for void region
⎧⎨
⎩ (1)
where (x, y) is the global coordinate of the grid point,
F(x, y) is the level-set function for grid points, r(x, y) is
the density of the grid point at (x, y), and Ψ is the
threshold value.
As the density of the grid point cannot be involved in
FEA, the elemental volume fraction is used as the alterna-





where Xe is the volume fraction of the eth element.
Xe = 1 means a solid element with all solid grid
points and Xe = rmin means a void element with all
void grid points. Otherwise, rmin , Xe , 1 means a
boundary element with both solid and void grid
points. Based on the power-law SIMP model, the
material interpolation scheme for solid or void
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elements is expressed by
Ee(Xe) = Xpe E1 (3)
where Ee(Xe) is the function of the Young’s modulus in
relation to the elemental volume fraction Xe, E1 is the
Young’s modulus of solid elements, and p is the
penalty coefficient. For boundary elements, the
material interpolation scheme is estimated with the
ersatz material model (Wang, Wang, and Guo 2003;
Allaire, Jouve, and Toader 2004) as
Ee(Xe) = (1− Xe)rpminE1 + XeE1 (4)
2.2. Problem statements and sensitivity analysis
The representative topology optimisation problem: the
compliance minimisation is considered in this study.
The optimisation formula for minimising the mean com-
pliance (i.e. the total strain energy) subject to a volume
constraint is
min : C(Xe) = fTu
subject to: K(Xe)u = f∑M
e=1 XeVe∑M
e=1 Ve
− V∗ ≤ 0
rmin ≤ Xe ≤ 1; e = 1, 2, . . . , M
where C is the compliance of the topological structure; f
and u are global force and displacement vectors, respect-
ively; K is the global stiffness matrix; Ve is the volume of
the eth element; V∗ is the prescribed value of the allow-
able volume; and M is the total number of elements in
the design domain.
Sensitivity analysis measures the effectiveness of
changing the design variable on reducing or increasing
the objective function through which the search direc-
tion can be determined (Ghabraie 2015a, 2015b). In
terms of elemental volume fraction based topology
optimisation algorithms, the sensitivity of the compli-
ance C in relation to the elemental volume fraction Xe
can be approximately estimated by Da et al. (2018) and
Fu et al. (2019a)
∂C
∂Xe








= −p[(1− Xe)r p−1min + Xe]uTeK1ue (6)
where ue is the displacement vector of the eth element
and K1 is the stiffness matrix of solid elements.
2.3. Evolution of smooth topological boundaries
To mitigate mesh-dependency and checkerboard pat-
terns in topology optimisation, the filtering scheme for
elemental volume fractions is used, which is given by







where X̃e is the filtered elemental volume fraction, Ne is
the neighbourhood set of elements within the filter
domain for the eth element that is a circle centred at
the centroid of the eth element with a predefined filter
radius rmin, and vel is a linear weight factor.
The first step of forming smooth boundaries is to assign
elemental volume fractions to grid points. However, con-
verting filtered elemental volume fractions to grid points
directly is a time-consuming process because of the
large finite element model. Therefore, the elemental
volume fractions filtered are transferred to nodes first
with a heuristic filter, and then the obtained nodal den-
sities are assigned to grid points using shape functions.
The filtering scheme used in the BESO algorithm is
capable of converting sensitivity numbers from elements
Figure 1. Level-set function and corresponding material domain Ω before and after a design update. (a) Level set function and its zero
level-set. (b) Solid region Ω, void region D\V, and boundary ∂V.
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to nodes (Huang and Xie 2007, 2009, 2010). With the
same form of the filtering scheme, the density of the






where rn is the density of the nth node and vne is the
weight factor.
Nodal densities are then converted to the densities of
grid points via linear interpolation. For 4-node linear
elements, the density of the grid point in an element




Ng(z, h)rgn and r(z, h) [ r(x, y) (9)
where (z, h) is the local coordinate of the grid point, rgn is
the density for the γth node of the element, and Ng(z, h)
is the shape function.
To implement the solid/void design for grid points,
the Heaviside smooth function is used to determine
the new densities of grid points, which is given by
Wang, Lazarov, and Sigmund (2011)
re,g =
tanh (b ·C)+ tanh [b · (r(x, y)−C)]
tanh (b ·C)+ tanh [b · (1.0−C)] (10)
where β is a scaling parameter that controls the steep-
ness. Note that the termination condition of updating
the threshold value Ψ is similar to that in optimality cri-
terion (OC) for topology optimisation (Zhou and
Rozvany 1992). Figure 2 illustrates the Heavisde
smooth function with different β and C = 0.5, showing
that with the rise in β, the pure solid/void design of
grid points can be obtained. The evolutionary scheme
for β in this paper is given by
bk = bk−1 + L (11)
where Λ is the evolution rate for β and k is the current
iteration number. Because of obtaining the new
density values at grid points, filtered elemental volume
fractions should be further updated based on Equation
(2) for the next finite element analysis (FEA) round.
2.4. Termination criterion
The computational error is defined as the variation of
volume within two successive iterations against the
total volume. The computational error should be less
than a prescribed value, which is∑M
e=1 |Xke − Xk−1e |∑M
e=1 Xke
≤ t (12)
where τ is the predefined tolerance value. In this study,
t = 0.01% is employed for all numerical experiments.
2.5. Generation of self-supporting topologies
The AM filter proposed by Langelaar (2017) was inte-
grated into the proposed SIMP algorithm to obtain
smooth self-supporting topologies. Although Langelaar’s
AM filter (Langelaar 2017) is limited to a critical overhang
angle of 45°, it is still a promising method, because this
angle is a typical reference value for most AM machines.
For gradient-based optimisation, the mathematical
expressions of Langelaar’s AM filter are (Langelaar 2017)
j = 1
2








Q = P + log nS
log j0
(15)
where j is the vector of printed elemental volume frac-
tions, X̃ is the vector of filtered elemental volume frac-
tions, J is the vector of the maximum printed
elemental volume fractions in the supporting region, ɛ
is the parameter that controls the accuracy of the
approximation, jk is the vector of the printed elemental
volume fraction in the supporting region relevant to the
considered element, P is the parameter that controls the
smoothness of the approximation, Q is the parameter
that mitigates the overestimation of intermediate
element regions, nS is the number of elements in the
supporting region, and j0 is the parameter that controls
the penalisation of lower-density structures.
Figure 2. Heaviside smooth function with different β and
C = 0.5.
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The response sensitivity of Cp(j) with respect to X (the
vector of Xe) is required to update design variables,












where jnew is the vector of updated printed elemental
volume fractions.
The response sensitivity of Cp(j) with respect to X̃ can
be obtained based on the derivation of adjoint sensitivity




















where ni is the number of layers. The integration of
Langelaar’s AM filter into the SIMP method with the
smooth boundary representation is illustrated in
Figure 3. For more details, we refer to Fu et al.
(2019a).
Figure 3. Integration of AM filter in topology optimisation.
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3. Numerical experiments
Representative numerical experiments were conducted to
demonstrate the effects of parameters (i.e. the filter radius,
mesh size, and target volume fraction) on the structural
performance and manufacturability in AM. The method
of moving asymptotes (MMA) developed by Svanberg
(1987) was used to update design variables. Specifically,
the material, MMA, Heaviside smooth function, and AM
filter parameters used in this paper had been given by
Fu et al. (2019a). A grid with 10× 10 points was
adopted for all numerical experiments. Unless otherwise
stated, the target volume fraction V∗ was set to 0.5.
3.1. Simply supported beam
A simply supported beam test case subjected to a unit
vertical load (F = −1N) at the centre point of the
bottom was considered to investigate the influence of
the filter radius on structural performance and manufac-
turability. The design domain and boundary condition
are shown in Figure 4. As illustrated in Figure 4, the
bridge was anchored at the bottom left corner, and the
vertical displacement at the bottom right corner was
fixed. A 180× 90 mesh was used in FEA, and the filter
radius rmin was set to 3.5 element widths.
The build orientation for the simply supported beam is
upward (see Figure 4). The optimised topologies without
(Figure 5(a)) and with the AM filter (Figure 5(b)) were
obtained. Compliance of the optimised topology without
the AM filter converged to 14.9043 J after 241 iterations.
Compliance of the optimised topology with the AM filter
converged to 15.1069 J after 145 iterations. Compliance
of the self-supporting topology is only 1.36% higher than
that of the reference case, because the shape of the self-
supporting topology is not greatly changed in comparison
with the reference topology. In addition, the use of the AM
filter did not increase the total number of iterations, but
rather reduced it by 96 iterations in this case.
Figure 6 shows the influence of increasing filter radii
from 1.5 to 4.5 element widths on the shapes of topolo-
gical structures. Generally, with an increase in the filter
radius, fewer void areas were formed inside the topologi-
cal structure so that a simpler topology was obtained.
However, the radius of top corners increased gradually,
so that some top corners violated the critical overhang
angle of 45°. Theoretically, these curve top corners
were formed by the implementation of the level-set
method for the smooth boundary purpose. Ideally, the
top corners should be sharp rather than curved to strictly
satisfy the critical overhang angle criterion. However,
existence of these features could mitigate stress concen-
tration and prolong the fatigue life of structures (Ghab-
raie et al. 2010). The effect of the top radius on
manufacturability will be discussed in Section 4.2.
Figure 7 shows the influence of filter radii on compli-
ance. There is an overall tendency for compliance to
increase with the filter radius (Figure 7). This means the
smaller the filter radius, the better the objective function
value. However, the compliance with different filter radii
is within a narrow range from 15.04 to 15.12 J, showing
that the filter radius has slight effect on the compliance.
In terms of manufacturability, the topological structure
in Figure 6(f) is better than others, so the large filter
radius is recommended.
3.2. Cantilever beam
A cantilever beam test case was examined to discuss the
influence of the mesh size and target volume fraction on
structural performance and manufacturability. The
design domain and boundary condition are shown in
Figure 8, with the left side fixed and a unit vertical load
Figure 4. Design domain of a simply supported beam.
Figure 5. Optimized topologies without and with AM filter for simply supported beam: (a) Reference case; (b) Upward case.
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(F = −1N) imposed at the centre point of the right side.
The design domain of the cantilever beam was discre-
tised by a 150× 100 finite element mesh. The filter
radius rmin was set to 2.5 element widths.
The upward build orientation was considered in this
case. The optimised topologies without (Figure 9(a))
and with the AM filter (Figure 9(b)) were obtained. Com-
pliance of the reference topology converged to 32.1466 J
after 258 iterations, and compliance of the self-
supporting topology converged to 33.7724 J after 238
iterations. There exists an obvious difference between
the topological structures in Figures 9(a,b), which trig-
gered a performance degradation of 5.06% in the self-
supporting topology. In this case, the total number of
iterations of the self-supporting topology is slightly less
than that of the reference topology, which further
proves that implementing the AM filter will not certainly
increase the total number of iterations.
Furthermore, Figure 9(b) shows that not all the
materials effectively contributed to the structural
stiffness, for example, the partial structure within the
red circle on the bottom right. This small feature can
be regarded as a support structure for the overhang to
increase the printability of the whole structure in AM,
and its removal will have little or no effect on the
overall structural performance.
To investigate the effect of the mesh size, three different
meshes (i.e. 90× 60, 120× 80, and 180× 120) were con-
sidered. As the element size was scaled with a certain
ratio, the filter radius was scaled with the same ratio to
make sure that the absolute value of the filter radius is
not changed. The obtained self-supporting topologies
with three different mesh sizes are shown in Figure 10.
While the obtained solutions are not identical, they are
reasonably similar. There is no clear relationship between
performance and the element size. Hence, the mesh size
would not be as an important factor as filtering radius in
obtaining self-supporting topologies.
As material consumption is directly relevant to the
manufacturing cost and build time in AM, it is essential
for engineers to explore the trade-off relationships
between material usage and objective function, which
is compliance in this paper, with the aim of determining
the most rational design based on actual engineering
requirements. Pareto frontiers are broadly used to
describe such trade-off relationships. The Pareto frontiers
of compliance versus different volume fractions ranging
from 0.25 to 1 without and with the AM filter were
Figure 6. Self-supporting topologies with various filter radii for simply supported beam. (a) rmin = 1.5. (b) rmin = 2. (c) rmin = 2.5. (d)
rmin = 3. (e) rmin = 4. (f) rmin = 4.5.
Figure 7. Compliance with different filter radii for simply sup-
ported beam.
Figure 8. Design domain of a cantilever beam.
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generated, as illustrated in Figure 11. The Pareto frontier
without the AM filter was used as a reference. Five
sample points for different volume fractions (i.e. 0.25,
0.3, 0.45, 0.6, and 0.85) were marked on the Pareto
frontier with the AM filter, and the corresponding self-
supporting topologies are shown in Figure 11. As the
volume fraction rises, the compliance of topological
structures without and with the AM filter gradually
coincides. This means that decreasing the volume frac-
tion will magnify the negative effect of the AM filter on
compliance. A broken bar exists in the self-supproting
topology with the volume fraction of 0.25, showing
that there was not enough material to generate an
intact self-supporting design. Therefore, more material
may be required to form a self-supporting layout in com-
parison with general topology optimisation.
Figure 9. Optimized topologies without and with AM filter for cantilever beam: (a) Reference case; (b) Upward case.
Figure 10. Self-supporting topologies with different mesh sizes for cantilever beam: (a) 90× 60, (b) 120× 80, (c) 180× 120.
Figure 11. Pareto frontiers of compliance versus volume fraction without and with AM filter for cantilever beam.
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From the theoretical point of view, the broken areas dis-
played in the self-supporting topology with the volume
fraction of 0.25 were actually caused by intermediate
elements with low values, as illustrated in Figure 12.
When the smooth boundary representation was
implemented, the intermediate elements with low values
shown in Figure 12 were reassigned with the values of
0.001, which resulted in void areas. As a result of generat-
ing smooth boundaries, topology optimisation method
proposed in this paper can determine material distribution
and feasibility of volume target for a particular design in an
early stage, which is beneficial for industrial applications.
4. Manufacturability experiments
4.1. Topological structures fabricated with SLM
To validate manufacturability and find the gap between
theory and experiments, several selected topological
structures were printed with SLM. SLM is one of the
powder-bed methods that use metals as the basic
material, and it is a standard production technique for
producing AM parts (Ngo et al. 2018). The process par-
ameters of SLM adopted are listed in Table 1.
The optimised simply supported beam in Figure 5(b)
was printed with four different sizes (40× 20× 5mm,
60× 30× 7.5mm, 80× 40× 10mm, and
100× 50× 15mm) to determine the effect of the geo-
metrical dimension on the manufacturability in SLM
(Figure 13). Figure 13 shows that SLM is able to accu-
rately reflect topological structures with different geo-
metrical dimensions on account of its tiny layer height,
and there is no failure in the printing process.
The optimised cantilever beam in Figure 9(b) was
printed with the size of 90× 60× 10mm (Figure 14
(a)). Even though a severe defect was observed in a
self-supporting topology for the cantilever beam case
(see Figure 14(b)), we cannot conclude that the topologi-
cal structure in Figure 14(b) failed in SLM. This is because
Figure 14(a) shows a successfully printed topological
structure. Actually, this severe defect in Figure 14(b)
Figure 12. Self-supporting topology with V∗f = 0.25 represented
by alternative design variables for cantilever beam.
Table 1. SLM process parameters for manufacturability
experiments.
Parameters Settings
Machine type SLM 125HL
Printing strategy Stripe
Material 316L stainless steel
Average range of powder particles 25–63 micron
Material layer height 30 micron
Build speed for volume area 560 mm/s
Build speed for volume border 350 mm/s
Power output for volume area 175 W
Power output for volume border 100 W
Hatch spacing 0.12 mm
Support structures None
Figure 13. Self-supporting topologies printed with different geometrical dimensions for simply supported beam using SLM. (a)
40× 20× 5 mm. (b) 60× 30× 7.5 mm. (c) 80× 40× 10 mm. (d) 100× 50× 15 mm.
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was caused by the damaged recoater blade in SLM
instead of the topology design.
4.2. Remarks on importance of overhang length
The use of the critical overhang angle of 45° is a fast way to
generate self-supporting designs that are printable in SLM.
In reality, even though the angle of the overhang is less
than 45° in some cases, the overhang can still be built
without any support structures as long as the length of
the overhang is less than some maximum allowable
length. For example, the top corners violating the critical
overhang angle of 45° still survived in almost all the self-
supporting designs, as presented in Section 4.1. Therefore,
the critical overhang angle of 45° is too conservative for
the SLM technology. To explore better results, the over-
hang length constraint should also be introduced into
AM oriented topology optimisation for exactly determin-
ing whether support structures are required and further
improving performance. The concept of the length of
the overhang is schematically illustrated in Figure 15.
However, there is a lack of publications discussing the
effect of overhang length constraint in theoretical
research or finding the maximum allowable overhang
length experimentally for SLM. The overhang angle and
length constraints will interact to determine buildability,
and therefore experiments should be conducted to deter-
mine proper combinations for different AM technologies.
The recent research on altering the critical overhang angle
in the topology optimisation stage, presented by Gaynor
and Guest (2016), Zhang and Zhou (2018), van de Ven
et al. (2018), Wang, Gao, and Kang (2018), Jimenez et al.
(2018), and Zhang, Cheng, and Xu (2019), forms an
initial basis for future AM oriented topology optimisation
algorithms considering both different critical overhang
angles and their corresponding overhang lengths.
5. Conclusions
This paper thoroughly investigated the influences of
parameters (i.e. the filter radius, mesh size, and target
volume fraction) on the performance and manufactur-
ability of smooth self-supporting topologies. Manufac-
turability experiments were implemented with SLM on
selected simulation results. The conclusion remarks
are drawn as follows:
. The combined method is able to completely solve the
zigzag and blurry boundary issue caused by the
conventional SIMP approach, and therefore the opti-
mised geometries can be directly fabricated in AM
without extra shape optimisation or post-processing
methods.
. With an increase in the filter radius, simpler smooth
self-supporting topologies are obtained, but curved
top corners are formed. Meanwhile, lower compliance
could be obtained. The mesh size is not as an impor-
tant factor as the filter radius in affecting the manufac-
turability and performance of smooth self-supporting
topologies.
. Compared to general topology optimisation, AM
oriented topology optimisation may need more
material to form an intact self-supporting structure
when the structural volume fraction is relatively small.
Figure 14. Self-supporting topologies printed for cantilever beam using SLM. (a) Intact topological structure. (b) Topological structure
with print defect.
Figure 15. Explanation of overhang length.
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. Smooth self-supporting topologies obtained based on
the critical overhang angle of 45° were successfully
fabricated with SLM. Experimental results show that
this conservative overhang angle criterion would
sacrifice more performance than is necessary to
achieve the self-supporting goal.
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5.3 Further experimental observation
This section provides additional experimental results of optimised self-supporting
topologies in Publications [P3] and [P4] to further validate the effectiveness
of the combination of Langelaar’s AM filter and SEMDOT. Process param-
eters of SLM and FDM are the same with those in Publications [P3] and
[P4].
Topological designs for downward and upward cases in the Figures 4 and
5 of Publication [P3] are the designs further optimised with the contin-
uation method, and therefore performance and manufacturability of these
two self-suppproting structures are better than those without the contin-
uation method. In addition, leftward and rightward cases will significantly
increase not only the manufacturing cost but time due to increasing the total
number of layers in the printing direction. More importantly, the optimised
structures of downward and upward cases are more sophisticated than those
of leftward and rightward cases, which is more challenging for the printing
process. Hence, only the optimised structures in the Figures 4 and 5 of
Publication [P3] are printed using SLM with the size of 120×40×10 mm
(Figure S1). The two selected self-supporting topologies are printed success-
fully, meaning that the critical overhang angle of 45◦ works well in forming
self-supporting designs for SLM.
The optimised simply supported beams in the Figure 5 of Publication
[P4] are printed with the size of 100×50×15 mm (Figure S2). Figure S2a
shows that the reference case has five obvious failures due to the violation
of the overhang angle restriction. As a result of the symmetrical geometry,
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positions of failures are also symmetrical, but the degrees of damage in two
corresponding positions are different. By contrast, Figure S2b shows that
the optimised structure with the AM filter is successfully printed, meaning
that the critical overhang angle of 45◦ works well in terms of generating
self-supporting designs for FDM.
Figure S1 Self-supporting topologies printed with downward and upward
build orientations for MBB beam using SLM
The optimised cantilever beams in the Figure 9 of Publication [P4] are
printed with the size of 90×60×10 mm (Figure S3). From Figure S3a, ob-
vious failures can be observed in the reference case. Conversely, Figure S3b
shows a successfully printed topological design because of the minimum al-
lowable angle constraint. The filaments on surface 1 in Figure S3a are not
fused together tightly, showing an obvious failure. Interestingly, surface 4 is
126 5.3 Further experimental observation
Figure S2 Topological designs printed for simply supported beam using FDM
printed successfully despite it having an overhang angle of approximately 31◦,
meaning that the critical overhang angle for this FDM technique is at most
31◦ rather than 45◦, and therefore the performance of self-supporting topolo-
gies could be further improved if the critical overhang angle is decreased. In
the following chapter, the developed algorithm will present a possibility of
exploring different overhang angles.
Figure S3 Topological designs printed for cantilever beam using FDM
C H A P T E R 6
3D Self-Supporting Design
Even though Chapter 5 combined Langelaar’s gradient-based AM filter with
SEMDOT for the purpose of generating smooth design of self-supporting
topologies, only 2D benchmark cases were tested to numerically validate
the effectiveness of this combination. Investigations on smooth 3D self-
supporting topologies, which have more engineering application values, are
not conducted in Chapter 5.
This chapter integrates Langelaar’s AM filter into SEMDOT developed
in Chapter 4 to implement the smooth design of 3D self-supporting topolo-







ePξk) is used to
approximate the maximum value of the elements in the supporting region in-






) used in Chapter 5
to reduce the absolute error that is the difference between real maximum and
maximum smooth approximation during the formation of self-supporting ge-
ometries. It is noted that P is set to 40 for all numerical examples. Effects of
different build orientations and critical overhang angles on 3D self-supporting
topologies are demonstrated through solving several compliance minimisation
problems. In addition, a typical 3D compliant mechanism design problem,
the force inverter design, is solved to further demonstrate the effectiveness
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of the combination between SEMDOT and Langelaar’s AM filter as well as
the sensitivity analysis method adopted in SEMDOT.
This chapter answers research questions [Q2] and [Q3]. In the follow-
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Abstract: The smooth design of self-supporting topologies has attracted great attention in the design
for additive manufacturing (DfAM) field as it cannot only enhance the manufacturability of optimized
designs but can obtain light-weight designs that satisfy specific performance requirements. This
paper integrates Langelaar’s AM filter into the Smooth-Edged Material Distribution for Optimizing
Topology (SEMDOT) algorithm—a new element-based topology optimization method capable of
forming smooth boundaries—to obtain print-ready designs without introducing post-processing
methods for smoothing boundaries before fabrication and adding extra support structures during
fabrication. The effects of different build orientations and critical overhang angles on self-supporting
topologies are demonstrated by solving several compliance minimization (stiffness maximization)
problems. In addition, a typical compliant mechanism design problem—the force inverter design—is
solved to further demonstrate the effectiveness of the combination between SEMDOT and Langelaar’s
AM filter.
Keywords: SEMDOT; Langelaar’s AM filter; print-ready design
1. Introduction
Design for additive manufacturing (DfAM) represents a range of design methods
through which performance and/or other key considerations such as manufacturability,
reliability and cost can be optimized subject to the capabilities of additive manufacturing
(AM) technologies [1–4]. In recent years, topology optimization for AM has become one
of the most important branches in DfAM, as topology optimization has great potential to
fully exploit the significant benefits provided by the increased design freedom offered by
AM [5,6].
As traditional element-based algorithms such as solid isotropic material with pe-
nalization (SIMP), rational material with penalization (RAMP) and bi-directional evo-
lutionary structural optimization (BESO) will inevitably form non-smooth boundaries,
post-processing or redesign methods have to be used to obtain accurate boundary informa-
tion for the purpose of engineering applications [7–9], meaning that extra efforts have to
be made after topology optimization. Given the significance of accurate boundary repre-
sentation, some element-based algorithms that are capable of forming smooth boundaries
such as multiresolution topology optimization (MTO) methods [10–12], elemental volume
fraction-based methods [13–16] and a method using floating projection [17,18] have been
developed in recent years.
Optimized topologies are fabricated layer-by-layer and have to be sufficiently sup-
ported to prevent the component distortion caused by high bending stresses in some AM
technologies such as fused deposition modeling (FDM) and selective laser melting (SLM).
Even though introducing support structures to topological designs can resolve this issue,
more materials need to be wasted, and extra efforts have to be made to remove support
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structures after manufacturing [19–21]. Therefore, optimizing self-supporting topologies
directly is an effective way to mitigate overhang angle limitations, save materials and avoid
additional effort. Even though there are a great number of investigations regarding 2D self-
supporting topologies [22–24], these studies have more theoretical value than application
value compared to the investigations on 3D self-supporting designs. Studies on 3D self-
supporting design have attracted scholarly attention in recent years. The early work in this
field was Langelaar’s gradient-based AM filter [25], followed by an improved method ca-
pable of executing simultaneous topology optimization and support structures considering
metal AM constraints and post-print machining requirements [26]. Han et al. [27] pro-
posed hybrid additive–subtractive manufacturing constraints for 3D continuum structures
based on BESO. Mezzadri and Qian [28] proposed a second-order measure of boundary
oscillations for overhang control to enhance the manufacturability of designs in AM, and
a 3D cantilever beam case was tested. Zhao et al. [29] formulated the self-supporting
requirements as an explicit quadratic continuous constraint, and 3D benchmark problems
were tested. Zhang and Chen [30] integrated the proposed constraint that was imposed
on the overhang angle, directional-dependent overhang angle and horizontal minimum
length scale into the MTOP method to conduct the smooth design of 3D self-supporting
topologies. van de Ven et al. [31] presented a 3D front propagation-based overhang filter
through which printable topologies can be obtained. Most recently, Bi et al. [32] devel-
oped a new layer-wise geometric self-supporting constraint for 3D continuum structures
based on BESO, and an AM experiment was conducted to validate the effectiveness of the
proposed constraint by printing a hinge frame used in the aerospace field.
The authors of this study merely focused on the smooth design of 2D self-supporting
topologies through the combination of the Smooth-Edged Material Distribution for Opti-
mizing Topology (SEMDOT) algorithm and Langelaar’s AM filter in previous works [33,34].
Most recently, the authors presented a simple 3D self-supporting case using the Optimality
Criteria (OC) optimizer in [35]. In this paper, the smooth design of 3D self-supporting
topologies is shown in detail.
The remainder of this paper is structured as follows. Section 2 mathematically demon-
strates the combination of SEMDOT and Langelaar’s AM filter. Section 3 presents some
numerical experiments to demonstrate the effectiveness and generality of this combination.
Finally, conclusions are summarized in Section 4.
2. Integrating Langelaar’s AM Filter into SEMDOT
2.1. Problem Statement
This study uses SEMDOT as an optimization platform to form smooth topologies
and Langelaar’s AM filter to obtain 3D self-supporting designs. SEMDOT is a new topol-
ogy optimization platform that was developed by the authors [16], and its effectiveness
has been thoroughly validated. For more details on the advantages of SEMDOT com-
pared to some existing algorithms that are capable of generating smooth boundaries,
see [15,16]. Langelaar’s AM filter is a well-established restriction method that can be used
with gradient-based topology optimization algorithms, and it has become one of the most
extensively used methods for generating self-supporting designs in this community. In









where N is the total number of grid points in each element and ρe,g is the density of the gth
grid point in the eth element.
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where X̃e is the filtered elemental volume fraction, Ne is the neighborhood set of elements
within the filter domain for the eth element that is a circle centered at the centroid of this
element with a predefined filter radius rmin, and ωel is a linear weight factor defined as
ωel = max(0, rmin − ∆(e, l)) (3)
where ∆(e, l) is the center-to-center distance of the lth element within the filter domain to
the eth element.
Filtered elemental volume fractions are updated for the next round of FEA by summing








where ρnewe,g is the density of the grid point obtained by the Heaviside smooth function.
The relationship between X̃e and X̃newe can be established as
δe = X̃newe − X̃e (5)
where δe is the deviation of the eth element before and after the update. A detailed
discussion of this relationship is presented in [16].
The basic idea of Langelaar’s AM filter is that the value of the element to be supported
should not be less than the maximum value of the elements in the supporting region.
Figure 1 schematically demonstrates the method of generating self-supporting designs,
where the blue element is the element to be supported and the five green elements (S(i,j,k))
form the supporting region. Mathematical expressions of the 3D Langelaar’s AM filter [25]
are given by
ξ(i,j,k) = min(X̃(i,j,k), Ξ(i,j,k)) with (6)
Ξ(i,j,k) = max(ξ(i−1,j,k−1), ξ(i,j−1,k−1), ξ(i,j,k−1), ξ(i,j+1,k−1), ξ(i+1,j,k−1)) (7)
where ξ is the vector of printed elemental volume fractions, X̃ is the vector of filtered elemen-
tal volume fractions and Ξ is the vector of the maximum printed elemental volume fractions.

















where ε is the parameter that controls the accuracy of the approximation.
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Figure 1. Illustration of the 3D Langelaar’s additive manufacturing (AM) filter [25].
The softmax function is used to calculate the maximum value of the elements in the
supporting region instead of the P-Q max function in origianl Langelaar’s AM filter [36].
This is because the P-Q max function will generally cause a higher absolute error (the
difference between real maximum and maximum smooth approximation) than the softmax
function. The softmax function is expressed as defined by Barroqueiro et al. [36]:











where ξk is the printed elemental volume fraction in the supporting region relevant to the
considered element, P is the parameter that controls the smoothness of the approximation
(10−4), and ns is the number of elements in the supporting region (for 3D cases, ns = 5).
2.2. Topology Optimization Problems
Two typical topology optimization problems: compliance minimization and compliant
mechanism design problems are considered in this study. The mathematical statement of
compliance minimization design is
min : C(Xe) = fTu










0 < ρmin ≤ Xe ≤ 1; e = 1, 2, · · · , M
(10)
where C is compliance; f and u are the global force and displacement vectors, respectively;
K is the global stiffness matrix; Ve is the volume of the eth element; V∗ is the prescribed
value of the allowable volume; M is the total number of elements; and ρmin is a small
artificial parameter, 0.001.
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The compliant mechanism design problem is stated as
min : C(Xe) = −LTu = −uout










0 < ρmin ≤ Xe ≤ 1; e = 1, 2, · · · , M
(11)
where L is a unit length vector with zeros at all degrees of freedom except at the output
point, where it is one; uout is the output port displacement; and fin is the input force vector.
2.3. Sensitivity Analysis
Sensitivity analysis measures the effectiveness of changing the elemental volume
fractions on the objective function in order to determine the search direction [37,38]. The
sensitivity of Cp(ξ) with respect to X (the vector of elemental volume fractions) is calculated













Given the discussions of the relationship between X̃e and X̃newe in [16], it can be
assumed that ∂ξnew/∂ξ = 1 in this paper for simplicity. The sensitivity of Cp(ξ) with































































[1 + P(ξk − Ξ)] (17)
For more details on the combination of SEMDOT and Langelaar’s AM filter, see
the work presented in [33,34]. As the authors’ previous works regarding smooth self-
supporting topologies [33,34] were based on the very initial version of SEMDOT, we
therefore also refer readers to the paper about the latest version of SEMDOT [16] for
further reference.
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3. Numerical Experiments
The 3D Matlab code of SEMDOT was developed based on the codes presented by
the authors [16] and Liu and Tovar [39], and the 3D Matlab code of Langelaar’s AM filter
was developed based on the 2D code provided by Langelaar [5]. Several benchmark opti-
mization problems are solved to validate the effectiveness of the combination of SEMDOT
and Langelaar’s AM filter. Parameters in the SEMDOT algorithm are set as presented
in [15]. An isotropic linear elastic material model is assumed with a Young’s modulus of
1 MPa and Poisson’s ratio of 0.3 for all examples. A grid with 5 × 5 × 5 points in each
element is used to maintain a proper balance between the smoothness of boundaries and
computational cost. Unless otherwise stated, the prescribed value of the allowable volume
V∗ is set to 0.3, meaning that 30% of materials within the design domain will be retained;
the filter radius rmin is set to 1.5 time elements width (rmin = 1.5), a dimensionless size; and
the critical overhang angle is set to 45◦ in Langelaar’s AM filter. In addition, the maximum
number of iterations is set to 500. The method of moving asymptotes (MMA) proposed
by Svanberg [40] is used as the optimizer. Default parameters in MMA are adopted for
compliance minimization design, and the move limit is set to 0.05 for compliant mechanism
design to improve the convergence stability.
3.1. Different Build Orientations
A deep cantilever beam shown in Figure 2 is considered to demonstrate the influences
of different build orientations on compliance, the number of iterations and topologies.
In AM, the build orientation is the accumulating orientation of materials when building
the part [41]. As illustrated in Figure 2, the left end is fixed and a unit vertical load
(Fy = 1 N—Figure 2) is imposed in the middle of the lower edge on the free end. In this
study, three build orientations—xmax, ymin and zmax—are considered (see Figure 2). The






Figure 2. Design domain of deep cantilever beam.
Figure 3a shows the reference design case, which converges at 5.226 J after 88 itera-
tions; the optimized topology with the build orientation xmax converges at 5.292 J after
201 iterations; the optimized topology with the build orientation ymin converges at 5.374 J
after 165 iterations; and the optimized topology with the build orientation zmax converges
at 5.378 J after 139 iterations. It is noted that the reference case is the topological design
obtained without using Langelaar’s AM filter (i.e., general topology optimization), and J
(N·mm) denotes the multiplication of the force (N) by displacement (mm). Performance
sacrifices of 1.25 %, 2.83 %, and 2.91 % are made to form self-supporting designs for build
orientations xmax, ymin and zmax, respectively. Even though the self-supporting design in
the build orientation ymin (Figure 3d) is the most similar to the reference design (Figure 3b),
the self-supporting design in the build orientation xmax (Figure 3c) is the closest to the ref-
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erence design in terms of performance. The self-supporting design in the build orientation
zmax (Figure 3e) obtains the worst performance, as great changes have to be made for this
specific direction.
























Figure 3. Convergence processes and optimized topologies with different build orientations: (a) convergence processes,
(b) reference, (c) xmax, (d) ymin, (e) zmax.
Chapter 6 3D Self-Supporting Design 137
Appl. Sci. 2021, 11, 238 8 of 17
3.2. Different Target Volume Fractions
A simply supported deep beam, as shown in Figure 4, is used to investigate the effects
of different target volume fractions on compliance, the number of iterations and topologies.
As illustrated in Figure 4, four bottom corners are prevented, and a unit vertical load
(Fy = 1 N—Figure 4) is applied in the middle of the top surface. Six different target volume
fractions (i.e., 0.15, 0.2, 0.3, 0.4, 0.5 and 0.6) are considered in this study. The design domain







Figure 4. Design domain of a simply supported deep beam.
Figure 5a shows that with an increase in the target volume fraction, the performance
of optimized topologies gradually imroves, and there are some difficulties in convergence
when small target volume fractions (V∗ = 0.15 and V∗ = 0.2) are considered. Optimized
topologies with different target volume fractions are shown in Figure 5b–g. There is a thin
feature in the middle of the optimized topology, as shown in Figure 5b. The value of the
element at the bottom of this thin feature is small, whereas elements above this bottom
element have greater values, which violates the basic strategy of Langelaar’s AM filter.
The formation of this thin feature is because of the absolute error caused by the softmax
function (mentioned in Section 2.1).
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Figure 5. Compliance, number of iterations and optimized topologies with different target volume fractions: (a) compliance
and number of iterations, (b) V∗ = 0.15, (c) V∗ = 0.2, (d) V∗ = 0.3, (e) V∗ = 0.4, (f) V∗ = 0.5, (g) V∗ = 0.6.
The first solution to solve this specific thin feature issue is to introduce the weight-
ing factor of w∗ to the location of element X3 in the supporting region (see Figure 1).
Equation (7) is therefore rewritten as
Ξ(i,j,k) = max(ξ(i−1,j,k−1), ξ(i,j−1,k−1), w
∗ξ(i,j,k−1), ξ(i,j+1,k−1), ξ(i+1,j,k−1)) (18)
The related equations are accordingly changed.
The reference design (Figure 6a) converges at 3.621 J after 86 iterations. For the rest
of the self-supporting designs (Figure 6b–d), the maximum number of iterations (500) is
reached. Among self-supporting designs, the use of a higher weighting factor w∗ will
generally contribute to relatively improved performance. More importantly, the thin feature
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Figure 6. Optimized topologies with different weighting factors w∗: (a) reference, C = 3.621 J. (b) w∗ = 1.01, C = 3.665 J.
(c) w∗ = 1.015, C = 3.662 J. (d) w∗ = 1.02, C = 3.659 J.
Another solution is to use a fine mesh, as it can provide more design freedom. The
mesh size of 90 × 60 × 30 is used as an example. As the element size is scaled with
a certain ratio, the filter radius is scaled with the same ratio to make sure its absolute
value remains constant. Figure 7a shows that the self-supporting design case with the
fine mesh for V∗ = 0.15 converges at 3.484 J after reaching the maximum number of
iterations (500), and the topological boundary error gradually decreases to almost 0%
when the converged topology is obtained. The performance of the fine mesh case is 4.32%
better than that of the optimized topology in Figure 5b (3.641 J). Figure 7b shows a much
better self-supporting design than that in Figure 5b in terms of manufacturability. There is
almost no structural resemblance between coarse mesh (Figure 5b) and fine mesh cases
(Figure 7b) as Langelaar’s AM filter is highly mesh-dependent. Compared to the strategy
of introducing the weighting factor w∗, using the fine mesh is a more general way to solve
the thin feature issue.
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Figure 7. Convergence process and optimized topology with a fine mesh for a target volume fraction of 0.15: (a) convergence
process, (b) Optimized topology.
3.3. Different Critical Overhang Angles
When Langelaar’s AM filter is integrated into traditional element-based algorithms
such as SIMP, the critical overhang angle is fixed at 45◦ because of the defined element
layout (see Figure 1). As intermediate elements can be cut during the formation of smooth
boundaries in SEMDOT, the possibility of exploring different critical overhang angles is
therefore provided by the combination of Langelaar’s AM filter and SEMDOT. To obtain
self-supporting topologies with different critical overhang angles, the weighting factor
of ws = 1/ tan α is introduced to the locations of elements X1, X2, X4, and X5 in the
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supporting region (refer to Figure 1) where α is the critical overhang angle. Equation (7) is
therefore rewritten as
Ξ(i,j,k) = max(wsξ(i−1,j,k−1), wsξ(i,j−1,k−1), ξ(i,j,k−1), wsξ(i,j+1,k−1), wsξ(i+1,j,k−1)) (19)
The related equations are accordingly changed.
Following Section 3.2, a simply supported deep beam with a finite element mesh of
30 × 20 × 20 is used to explore self-supporting topologies with different critical overhang
angles (i.e., 30◦, 45◦ and 60◦). The objective function value is multiplied by a scale factor
of 100.
Figure 8a shows that the reference design case converges at 326.4 J after 83 iterations,
and self-supporting design cases with different critical overhang angles of 30◦, 45◦, and
60◦ converge at 328.4 J after 133 iterations, 328.7 J after 109 iterations and 332.2 J after
261 iterations, respectively. Generally, a higher critical overhang angle will cause worse
performance as it provides less design freedom. Based on the results presented in Figure 8a,
the critical overhang angle of 45◦ requires the least number of iterations to converge among
self-supporting design cases. The optimized reference topology is shown in Figure 8b, and
optimized topologies with different critical overhang angles are shown in Figure 8c–e.
It should be acknowledged that the mentioned strategy of exploring different critical
overhang angles is not suitable for all test cases. For some specific cases, numerical issues
may occur during the optimization process, resulting in improper self-supporting designs.
3.4. Force Inverter Design
The force inverter design problem is demonstrated in Figure 9 where an input load
is defined in the positive direction, and symmetric constraints are applied on top and
side faces (two pink faces). In the case of force inverter design, the goal is to maximize
the negative horizontal output displacement. The design domain is discretized by a
40 × 20 × 5 finite element mesh.
Figure 10a shows that the reference design case converges at 1.195 mm after
131 iterations, and the self-supporting design case converges at 1.105 mm after 287 it-
erations. That is, a performance sacrifice of 7.53% is made to form the self-supporting
topology suitable for AM. Compared to the reference topology (Figure 10b), self-supporting
features are observed in the optimized topology with Langelaar’s AM filter (Figure 10c).
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Figure 8. Convergence processes and optimized topologies with different critical overhang angles: (a) convergence processes,
(b) reference, (c) 30◦, (d) 45◦, (e) 60◦.
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Figure 9. Design domain of force inverter design.



























Figure 10. Convergence processes and optimized topologies solving the force inverter design case: (a) convergence
processes, (b) reference, (c) self-supporting design.
The compliant mechanism design problem itself is more challenging than the com-
pliance minimization design problem in terms of sensitivity analysis. The problems of
self-supporting design for a compliant mechanism in this study demand more accurate
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sensitivity analysis than general compliant mechanism design problems. Therefore, the
successful formation of the self-supporting topology for compliant mechanism design
(Figure 10c) further validates the effectiveness of the sensitivity analysis method assumed
in SEMDOT. More details on the mentioned sensitivity analysis method can be found
in [16].
Based on the results presented from Sections 3.1–3.4, it can be concluded that the
generation of a self-supporting design needs a longer convergence process than its corre-
sponding reference design. The similar phenomenon was also observed by the authors
when 2D self-supporting topologies were explored [33,34].
4. Conclusions
This paper integrates Langelaar’s AM filter into SEMDOT—a newly developed
element-based algorithm capable of forming smooth boundaries—to implement the smooth
design of 3D self-supporting topologies. The obtained conclusions are summarized
as follows:
• The integration of Langelaar’s AM filter in SEMDOT is capable of forming converged
3D self-supporting topologies with smooth boundary representation.
• As Langelaar’s AM filter is mesh-dependent, the fine mesh is recommended to form
proper self-supporting designs when the target volume fraction is small.
• Different critical overhang angles can be explored using the combination of Lange-
laar’s AM filter and SEMDOT.
• The effectiveness of the sensitivity analysis method adopted in SEMDOT is further
validated using a 3D compliant mechanism design problem for self-supporting design.
As overhang angle and length constraints interact to determine buildability, the over-
hang length constraint should be considered in terms of obtaining self-supporting designs
in the future. In addition, the experimental validation of the 3D self-supporting topologies
obtained using the combination of Langelaar’s AM filter and SEMDOT is required.
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In this thesis, a comprehensive review on element-based topology optimisa-
tion algorithms capable of generating smooth boundaries, methods of form-
ing self-supporting topologies, and smooth design of self-supporting topolo-
gies is presented. The research gap is found based on the literature review,
namely little research working on smooth design and print-readiness of self-
supporting topologies using element-based algorithms. An easy-to-use, flexi-
ble, and efficient optimisation platform named SEMDOT is proposed to form
smooth boundaries. The algorithm mechanism of SEMDOT is demonstrated
in-depth through several 2D benchmark cases, and parametric studies on
SEMDOT are thoroughly conducted through 3D benchmark cases. Numeri-
cal comparisions with several well-established element-based algorithms (i.e.,
SIMP, BESO, and ETO) are comprehensively conducted to validate the ef-
fectiveness of SEMDOT. Smooth design of 2D self-supporting topologies are
148
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first generated using the combination of Langelaar’s gradient-based AM filter
and SEMDOT, and corresponding experiments are carried out to validate the
manufacturability of optimised self-supporting designs with FDM and SLM.
Afterwards, smooth design of 3D self-supporting topologies is performed to
obtain more practical structures suitable for AM. The following important
concluding remarks can be drawn:
B A lower penalty coefficient can be used in the proposed algorithm,
meaning that the optimizaiton problem is much closer to a convex
problem compared to methods like SIMP where higher penalty factors
need to be used.
B The Heaviside smooth function is more suitable than the Heaviside step
function for SEMDOT to obtain a more robust algorithm.
B The use of multiple filtering steps enhances the flexibility of SEMDOT
in exploring better performance and different topological designs, and
is more suitable for SEMDOT than the single filtering step.
B Even though SEMDOT is developed based on the SIMP framework, its
convergency is stronger than standard SIMP because of its improved
termination criteria.
B SEMDOT is capable of obtaining topological designs comparable or
better than standard element-based algorithms such as SIMP and BESO
or the newly developed ETO. When compared with a well-established
topology optimisation framework, like TopOpt in PETSc, the proposed
algorithm can produce similar results with better convergence.
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B By integration of Langelaar’s AM filter, SEMDOT is capable of forming
convergent self-supporting topologies with smooth boundaries.
B Distinct build directions trigger completely different self-supporting
topologies and have a significant effect on the total number of iter-
ations and performance.
B Other than achieving better performance, a proper continuation strat-
egy is capable of finding more rational material distribution and there-
fore increasing the manufacturability of topological structures in AM
through strengthening thin members and enlarging or eliminating tiny
enclosed cavities.
B Self-supporting topologies obtained based on the critical overhang angle
of 45◦ are manufacturable with FDM and SLM.
B The effectiveness of the sensitivity analysis method adopted in SEM-
DOT is validated using a general 2D compliant mechanism design prob-
lem and a 3D compliant mechanism design problem for self-supporting
design.
7.2 Limitations
Based on the research works finished in Chapters 3 to 6, two main limita-
tions are summarised as:
B Even though this thesis shows some benefts of SEMDOT, it should
be acknowledged that when the same number of elements is used, the
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computational cost of SEMDOT would be higher than that of SIMP
because of extra grid points inside elements.
B Introducing the weighting factor to the elements in the supporting re-
gion is a simple and straightforward way to explore different critical
overhang angles when the combination of SEMDOT and Langelaar’s
AM filter is used to conduct self-supporting design. However, the men-
tioned strategy is not suitable for all test cases. For some specific cases,
numerical issues may occur during the optimisation process, resulting
in improper self-supporting designs.
7.3 Future works
Although investigations on smooth design and self-supporting topologies for
both 2D and 3D cases are conducted in this thesis, there are still several
questions open for further investigation. Four potential research directions
are summarised as below:
B Strategies of using no penalty in SEMDOT should be investigated to
obtain better performance of optimised topologies.
B In SEMDOT, stiffness matrices and sensitivities of boundary (interme-
diate) elements are approximated using a linear interpolation between
the two phases of solid and void in the form,  = (1−Xe)void+Xesolid
where solid and void represent parameters like stiffness matrices and
sensitivities of solid and void elements using standard SIMP expres-
sions, respectively. Mathematical rigor of this interpolation scheme
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needs to be further substantiated, and its corresponding potential er-
rors should be evaluated, ideally by considering different discretisation
and mesh refinements.
B In terms of SEMDOT itself, grayscale voxel-like meshes are used to im-
plement FEA in the background, whereas the final topologies are repre-
sented as smooth-surfaced clear designs suitable for 3D printing. There-
fore, the numerical validation of the boundary representation method
in SEMDOT should be conducted. This issue can be investigated to-
gether with the previous point mentioned above.
B As overhang angle and length constraints interact to determine build-
ability, the overhang length constraint should be considered in terms
of obtaining self-supporting designs.
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